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Abstract
In this note, we discuss the concept of pseudoeffective vector bundle and also introduce
pseudoeffective torsion-free sheaves over compact Ka¨hler manifolds. We show that a pseudo-
effective reflexive sheaf over a compact Ka¨hler manifold with vanishing first Chern class is in
fact a numerically flat vector bundle. A proof is obtained through a natural construction of
positive currents representing the Segre classes of pseudoeffective vector bundles.
1 Introduction
The concept of numerical flatness introduced in [DPS94] proved itself to be instrumental in the
study and classification theory of compact Ka¨hler manifolds with nef anticanonical bundles. It has
been studied by many authors and in many works, cf. [Cao18], [Cao19], [CH17], [CH19], [CCM19],
[CP17], [HIM19], [HPS16] among others.
Recall that a holomorphic vector bundle E is called numerically flat if both E and E∗ are nef
(equivalently if E and (detE)−1 are nef). In fact, the condition of being numerically flat yields
strong restrictions for the curvature of the corresponding vector bundle. Actually, in [DPS94],
Demailly, Peternell and Schneider proved that a numerically flat bundle E on a compact Ka¨hler
manifold X admits a filtration by vector bundles whose graded pieces are Hermitian flat. In some
sense, numerical flatness is the algebraic analogue of metric flatness.
In [CCM19] and [HIM19], the authors consider the following question. If a pseudo-effective
vector bundle over a projective manifold has a vanishing first Chern class, is this vector bundle
numerically flat? Since a vector bundle E is numerically flat if and only if E and det(E)−1 are
nef, the question amounts to ask whether the vector bundle is in fact nef.
Intuitively, a positive singular metric on the vector bundle E would induce a positive singular
metric on the determinant det(E). But since the first Chern class of E (i.e. the Chern class of
det(E)) is trivial, any metric with (semi)positive curvature must be flat and thus cannot possess
any singularity. This implies that the given positive singular metric on E has to be smooth as well.
From this point of view, the same property should hold on an arbitrary compact Ka¨hler mani-
fold, and not just on projective manifolds, since all properties under consideration are independent
of the projectivity condition. One of the goals of this work is to confirm this philosophy. Namely,
we prove the following
Main Theorem. Let E be a psef vector bundle over a compact Ka¨hler manifold (X,ω) with
c1(E) = 0. Then E is a nef vector bundle.
The main technical tool is the construction of Segre currents. More precisely, we define a Segre
(k, k)-closed positive current as the direct image of the wedge product of the curvature current of
OP(E)(1), as soon as we have an appropriate codimension condition on the singular locus of the
metric.
Main technical lemma. Let E be a psef vector bundle of rank r over a compact Ka¨hler manifold
(X,ω). Let (OP(E)(1), hε) be singular metric with analytic singularities such that
iΘ(OP(E)(1), hε) ≥ −εpi∗ω
and the codimension of pi(Sing(hε)) is at least k in X. Then there exists a (k, k)-positive current
in the class pi∗(c1(OP(E)(1)) + εpi∗{ω})r+k−1.
1
The strategy of the proof of the Main theorem is as follows. We show that the Lelong numbers of
the corresponding Segre current control the Lelong numbers of the weight functions of the singular
metrics prescribed in the definition of a pseudoeffective vector bundle. Then, we observe that the
Lelong numbers of Segre currents must tend to 0 in the limit, as the unique (semi)positive current
in c1(E) is the zero current. Thus the Lelong numbers of the weight functions uniformally tend to
0 as the Lelong numbers of the Segre currents. By Demailly’s regularisation theorem, the weight
functions of the metrics can be regularised, thus the vector bundle is actually nef.
In fact, we can expect an even stronger property. Since E is psef, the class c1(OP(E)(1)) is psef.
Intuitively, c1(OP(E)(1)) contains a not too singular current (in the sense that the projection of
the singular part onto X is contained in some analytic subset of codimension at least 1). Thus the
wedge powers of appropriate exponents of the first Chern class are defined and positive, as well as
their direct images under pi : P(E) → X . In particular, if r is the rank of E, we can hope that
the second Segre class pi∗(c1(OP(E)(1)))r+1 is positive (by this, we mean that its cohomology class
contains a positive current)
Remind that the second Segre class is equal to c1(E)
2 − c2(E). By the Bogomolov inequality,
when c1(E) = 0, the integration of c2(E) ∧ ωn−2 on X is positive where ω is a Ka¨hler form on
X and n is the dimension of X . Comparing these two facts, one knows that c2(E) = 0 and the
Bogomolov inequality is in fact an equality.
For a torsion free sheaf F , the Chern classes can be defined as follows. Let σ be any modification
such that σ∗F is a vector bundle. Then for any i, ci(F) = σ∗ci(σ∗F) which is independent of
the choice of modification σ. The rough idea is that the above calculations should hold on some
birational model of X , and by taking direct images, the equality in the Bogomolov inequality is
also attained on X .
On the other hand, we have the following important result of [BS94]. For a poly-stable reflexive
sheaf F of generic rank r over a compact n-dimensional Ka¨hler manifold (X,ω), we have the
Bogomolov inequality ∫
X
(2rc2(F)− (r − 1)c1(F)2) ∧ ωn−2 ≥ 0.
Moreover, the equality holds if and only if F is locally free and its Hermitian-Einstein metric yields
a projectively flat connection.
In order to study the positivity of torsion free coherent sheaves, it is useful to define in full
generality the nef (or psef) property for such sheaves.
Definition. A torsion free coherent sheaf F over a compact complex manifold is called nef (resp.
psef) if there exists some modification σ : X˜ → X such that σ∗F is a nef (resp. psef) vector
bundle.
The above considerations, combined with the result of [BS94], let us hope the stronger fact that
over every compact Ka¨hler manifold (X,ω), a psef reflexive sheaf with trivial first Chern class is
in fact a nef vector bundle. In section 5, we prove that this is actually the case. A difficulty of
the above approach is that in general a wedge product of positive currents is not necessarily well
defined. Instead of proceeding directly, we first prove the following result.
Lemma. Let F be a nef reflexive sheaf over a compact Ka¨hler manifold (X,ω) with c1(F) = 0.
Then F is a nef vector bundle.
Now combining the main theorem, we can conclude that
Corollary. Let F be a psef reflexive sheaf over a compact Ka¨hler manifold (X,ω) with c1(F) = 0.
Then F is a nef vector bundle.
Note that in the above approach we have to take wedge products that are well defined without
imposing any restriction on the codimension of singular part of the metric. In this situation, for a
psef vector bundle E, we can find a positive current in c1(E) but not necessarily in c2(E).
At the end of the paper, as a geometric application, we classify compact Ka¨hler surfaces and
3-folds with psef tangent bundles and with vanishing first Chern class. By our Main theorem, they
are the same as compact Ka¨hler surfaces or 3-folds with nef tangent bundles and with zero first
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Chern class, that were classified in [DPS94]. As a consequence, the tangent bundle of a Ka¨hler K3
surface is not psef. This generalise the work of [DPS94] and [Nak04] in the projective setting.
The organisation of this paper is as follows. In section 2, the concepts of psef vector bundles and
torsion free coherent sheaves are discussed. We give a definition of psef vector bundle of the Ka¨hler
version essentially equivalent to the one proposed in [BDPP13]. By this equivalent condition, we
can show that some usual algebraic operations can still be taken for psef vector bundles. For
example, the direct sum or tensor product of psef vector bundles is still psef. In section 3, we show
that a numerically flat reflexive sheaf on an arbitrary compact Ka¨hler manifold is in fact a vector
bundle. This result can also be generalised to pseudoeffective (psef) reflexive sheaves F such that
c1(detF) = 0 in section 5. In section 4, we make a digression to introduce the definition of Segre
forms (or Segre currents), as a tool to treat the psef case. It should be observed that a similar
construction has been done in [LRRS18].
In this note, all manifolds are supposed to be compact without any explicit mention.
Acknowledgement I thank Jean-Pierre Demailly, my PhD supervisor, for his guidance, pa-
tience and generosity. I would also like to express my gratitude to colleagues of Institut Fourier for
all the interesting discussions we had. This work is supported by the PhD program AMX of E´cole
Polytechnique, and the European Research Council grant ALKAGE number 670846 managed by
J.-P. Demailly.
2 Pseudoeffective vector bundles
The following definition of a psef vector bundle is a reformulation of the definition of [BDPP13]
(Definition 7.1).
Definition 1. Let (X,ω) be a compact Ka¨hler manifold and E a holomorphic vector bundle on X.
Then E is said to be pseudo-effective (psef for short) if the line bundle OP(E)(1) is pseudo-effective
on the projectivized bundle P(E) of hyperplanes of E, i.e. if for every ε > 0 there exists a singular
metric hε with analytic singularities on OP(E)(1) and a curvature current iΘ(hε) ≥ −εpi∗ω, and if
the projection pi(Sing(hε)) of the singular set of hε is not equal to X.
One can observe that in [BDPP13] the definition is expressed rather in terms of the non-nef
locus.
Definition 2. ([DPS01]) Let ϕ1, ϕ2 be two quasi-psh functions on X (i.e. i∂∂ϕi ≥ −Cω in the
sense of currents for some C ≥ 0). Then, ϕ1 is said to be less singular than ϕ2 (we write ϕ1  ϕ2)
if we have ϕ2 ≤ ϕ1 + C1 for some constant C1. Let α be a psef class in H1,1BC(X,R) and γ be a
smooth real (1, 1)-form. Let T1, T2, θ ∈ α with θ smooth and Ti = θ+ i∂∂ϕi (i = 1, 2), the potential
ϕi being defined up to a constant since X is compact. We say that T1  T2, resp. singularity
equivalent T1 ∼ T2, if ϕ1  ϕ2, resp. if ϕ1  ϕ2 and ϕ2  ϕ1.
A minimal element Tmin,γ with respect to the pre-order relation  always exists. Such an
element can be obtained by taking the upper semi-continuous upper envelope of all ϕi such that
θ + i∂∂ϕi ≥ γ and supX ϕi = 0. It is unique up to equivalence of singularities.
Definition 3. (Non-nef locus)
The non-nef locus of a pseudo-effective class α ∈ H1,1BC(X,R) is defined to be
Enn(α) :=
⋃
ε>0
⋃
c>0
Ec(Tmin,−εω)
where ω is any Hermitian metric.
Let us observe that we can replace pi∗ω by any smooth Ka¨hler form ω˜ on P(E) in the definition
of a psef vector bundle. The reason is as follows. On the one hand, pi∗ω ≤ Cω˜ for some C > 0
since X is compact. Thus, iΘ(hε) ≥ −εpi∗ω implies that iΘ(hε) ≥ −Cεω˜. On the other hand,
since OP(E)(1) is relatively pi-ample, we have ε0iΘh0(OP(E)(1)) + pi∗ω ≥ ε1ω˜ for any given smooth
Hermitian metric h0 on E, if 0 < ε1 ≪ ε0 ≪ 1 are small enough. Assuming that there exists
a singular metric hε on OP(E)(1) such that iΘhε(OP(E)(1)) ≥ −εω˜, we infer that the metric
h′ε = h
ε/ε1
0 h
1−ε/ε1
ε has a curvature lower bound
iΘh′ε(OP(E)(1)) ≥
ε
ε1
(
ε1ω˜ − pi∗ω
)− (1− ε
ε1
)
εω˜ ≥ − ε
ε1
pi∗ω.
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In [BDPP13], a holomorphic vector bundle E was defined to be pseudo-effective if the line bundle
OP(E)(1) is pseudo-effective on the projectivized bundle P(E) of hyperplanes of E, and if the
projection pi(Enn(OP(E)(1))) of the non-nef locus of OP(E)(1) onto X does not cover all of X . By
definition,
Enn(c1(OP(E)(1))) ⊂
⋃
ε>0
Sing(Tmin,−εω˜) ⊂
⋃
ε>0
Sing(hε).
Hence a psef vector bundle defined in Definition 1 is psef under the definition of [BDPP13]. On
the other hand, by the regularization theorem, we can construct from Tmin,−εω˜ a metric h2ε on
OP(E)(1) with iΘ(h2ε) ≥ −2εω˜. By definition, Sing(h2ε) ⊂
⋃
c>0Ec(Tmin,−2εω˜) thus it does not
project onto X . Hence our definition is equivalent to the definition of [BDPP13].
Now we give still another equivalent definition of a psef vector bundle. The argument is analo-
gous to the one of [Dem92, theorem 4.1] in the singular setting. Intuitively, being psef is equivalent
to the existence of “algebraic” approximation currents. Here “algebraic” means that the approx-
imation can be obtained from the sections of higher degree tensor product of the vector bundle.
(Of course the sections are local since the global sections on X does not necessarily exist.) We
construct the appoximation metrics by the Bergman kernel type metrics and use Ho¨rmander L2
estimate to have the curvature estimates ad hoc.
For the convenience of the reader, we recall the Ho¨rmander L2 estimate that we need.
Lemma 1. (Corollary 5.3 in [Dem10])
Let (X,ω) be a Ka¨hler manifold, dim X = n. Assume that X is weakly pseudo-convex (in
particular it is the case for any compact Ka¨hler manifold). Let F be a holomorphic line bundle
equipped with a degenerate metric whose local weights are denoted ϕ ∈ L1loc, i.e. H = e−ϕ. Suppose
that
iΘF,h =
i
pi
∂∂ϕ ≥ εω
in the sense of currents for some ε > 0. Then for any form g ∈ L2(X,∧n,qT ∗X ⊗ F ) satisfying
∂g = 0, there exists f ∈ L2(X,∧n−1,qT ∗X ⊗ F ) such that ∂f = g and∫
X
|f |2e−ϕdVω ≤ 1
qε
∫
X
|g|2e−ϕdVω .
We will also need the following collaring lemma given by Demailly to glue the local weights to
a global one by partition of unity.
Lemma 2. (Lemma 13.11 in [Dem10])
Let U ′j ⊂⊂ U ′′j be locally finite open coverings of a (not necessarily compact) complex manifold
X by relatively compact open sets, and let θj be smooth non-negative functions with support in U
′′
j ,
such that θj ≤ 1 on U ′′j and θj = 1 on U ′j. Let Aj ≥ 0 be such that
i(θj∂∂θj − ∂θj ∧ ∂θj) ≥ −Ajω
on U ′′j \ U ′j for some positive (1,1)-form ω. Finally, let wj be almost psh functions on Uj with the
property that i∂∂wj ≥ γ for some real(1,1)-form γ on M , and let Cj be constants such that
wj(x) ≤ Cj + sup
k 6=j,x∈U ′
k
wk(x)
on U ′′j \ U ′j.
Then the function w := log(
∑
θ2je
wj ) is almost psh and satisfies
i∂∂w ≥ γ − 2(
∑
j
1U ′′j \U
′
j
Aje
Cj)ω.
Proposition 1. The following properties are equivalent:
(1) E is psef
(2) There exists a sequence of quasi-psh functions wm(x, ξ) = log(|ξ|hm) with analytic singu-
larities induced from Hermitian metrics hm on S
mE∗ such that the singularity locus projects into
a proper Zariski closed set Zm, and
i∂∂wm ≥ −mεmp∗ω
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in the sense of currents with lim εm = 0. Here p : S
mE∗ → X is the projection.
(3) There exists a sequence of quasi-psh functions wm(x, ξ) = log(|ξ|hm) with analytic singu-
larities induced from Hermitian metrics hm on S
mE∗, such that the singularity locus projects into
a proper Zariski closed set Zm, and
iΘSmE∗,hm ≤ mεmω ⊗ Id
on X \ Zm in the sense of Griffiths with lim εm = 0.
Proof. Note that when a metric over F a vector bundle over X is smooth near a point x, we have
the following equivalence (cf. Lemma 4.4 in [Dem92]): for any real (1, 1) form γ near x, over a
neighbourhood U near x
1. iΘ(F ) ≥ γ ⊗ IdF in the sense of Griffiths;
2. −iΘ(F ∗) ≥ γ ⊗ IdF in the sense of Griffiths;
3. i2pi∂∂ log |ξ|2 ≥ p∗γ, ξ ∈ F ∗, where log |ξ|2 is seen as a function on p−1(U) and p : F ∗ → X
is the projection.
In particular, (2) implies (3) by this observation.
The more substantial part of the proof consists of showing that (1) implies (2). The proof
follows closely the proof of theorem 4.1 in [Dem92].
It is enough to show that for any ε > 0, there exists a sequence of quasi-psh functions wm(x, ξ) =
log(|ξ|hm) with analytic singularities induced from Hermitian metrics hm on SmE∗, such that the
singularity locus projects into a proper Zariski closed set Zm, and
i∂∂wm ≥ −mεp∗ω
in the sense of currents. Here p : SmE∗ → X is the projection.
We construct the metrics on the symmetric powers of vector bundles, starting from a singular
metric hε on OP(E)(1) given in the definition of psef vector bundle. Namely, we start with a singular
metric such that the singularity locus projects into a proper Zariski closed set Z, and
i
2pi
ΘOP(E)(1) ≥ −εpi∗ω.
Since X is compact, we can select a finite covering (Wν) of X with open coordinate charts. For
any δ > 0, we take in each Wν a maximal family of points with (coordinate) distance to the
boundary > 3δ and mutual distance > δ/2. In this way, we get for any δ > 0 small enough a finite
covering of X by open balls U ′j of radius δ (actually every point is even at distance ≤ δ/2 of one
of the centres, otherwise the family of points would not be maximal), such that the concentric ball
Uj of radius 2δ is relatively compact in the corresponding chart Wν .
Let τj : Uj → B(aj , 2δ) be the isomorphism given by the coordinates of Wν . Let ε(δ) be a
modulus of continuity for γ := −εω on the sets Uj , such that limδ→0 ε(δ) = 0 and ωx−ωx′ ≤ ε(δ)ωx
for all x, x′ ∈ Uj . We denote by γj the (1,1)-form with constant coefficients on B(aj , 2δ) such that
τ∗j γj coincides with γ − ε(δ)ω at τ−1j (aj). Then we have
(1) 0 ≤ γ − τ∗j γj ≤ 2ε(δ)ω
on U ′j for δ > 0 small enough. Let v˜j(zj) be the associated quadratic function such that γj =
i
pi∂∂v˜j .
Now, we consider the Hilbert space Hj(m) of holomorphic sections f ∈ H0(pi−1(Uj),OP(E)(m))
with the L2 norm
‖f‖2j :=
∫
pi−1(Uj)
|f |2e2mv˜j(zj)dV,
where dV is a volume element on P(E) (fixed once for all) and |f |2 is the pointwise norm on
OP(E)(m) induced by the given (singular) Hermitian metric hε on OP(E)(1). It can be viewed as a
metric on OP(E)(1), twisted by the local weight v˜j . Thus the corresponding curvature form is
i
2pi
ΘOP(E)(1) −
i
pi
∂∂v˜j ≥ pi∗(γ − τ∗j γj) ≥ 0
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by (1). Let U ′j ⋐ U
′′
j ⋐ Uj be concentric balls such that (U
′
j) still cover X and let θj be smooth
functions with support in U ′′j , such that 0 ≤ θj ≤ 1 on U ′′j and θj = 1 on U ′j.
We define a Bergman kernel type metric on SmE∗ as follows: for all x ∈ X and ξ ∈ SmE∗x we
set
(2) ‖ξ‖2(m) :=
∑
j
θ2j (x) exp(2mv˜j(zj) +
√
m(r′2j − |zj|2))
∑
l
|σj,l(x) · ξ|2,
where r′j is the radius of U
′
j and (σj,l)l≥1 is an orthonormal basis of Hj(m). The local sections
σj,l can be viewed as sections in H
0(Uj , S
mE), and here σj,l(x) · ξ is computed via the natural
pairing between SmE and SmE∗. The metric is Hermitian since it is a sum of square of linear
forms in SmE∗. Since the metric on OP(E)(1) can be singular, the Hermitian metric can also be
degenerate. It is degenerate at a point x if σj,l(x) = 0 for all j, l.
However, the infinite sum
∑
l |σj,l(x)·ξ|2 is smooth. In fact, the sum converges locally uniformly
above every compact subset of Uj . This sum is the square of evaluation linear form
f 7→ f(x) · ξ
which is continuous on Hj(m). The reason is as follows. Given σ an element of H0(Uj , SmE).
It can be identified as an element of H0(pi−1(Uj),OP(E)(m)) ∼= H0(Uj , SmE) by considering the
quotient of pi∗σ ∈ H0(pi−1(Uj), pi∗SmE) under the tautological map pi∗SmE → OP(E)(m). On the
other hand, ξ ∈ SmE∗x can be pulled back to P(E) as an element of OP(E)(−m)x,[ξ] ⊂ pi∗SmE∗x,[ξ].
The natural pairing between SmE∗ and SmE of f(x) and ξ is equal to the natural pairing between
OP(E)(−m)x,[ξ] and OP(E)(m)x,[ξ] under the above identification. In particular,
|f(x) · ξ| ≤ |f |(x, [ξ])|ξ|(x, [ξ])
Here we identify OP(E)(m)x,[ξ] as C under any local trivialization near (x, [ξ]). The supremum
of |f |(x, [ξ]) for f ∈ Hj(m), ‖f‖ ≤ 1 is by definition the norm of the continuous linear function
f 7→ f(x) under the chosen local trivialization near (x, [ξ]). (Remark that in the trivialization, by
mean value inequality, the value of the holomoprhic function at the center of a ball is bounded
from above by the L2 norm of the function on the ball which is bounded from above by the L2
norm of the section on P(E) with the singular weight.) Thus f 7→ f(x) · ξ is a continuous linear
function. The square of its norm is
∑
l |σj,l(x) · ξ|2 since σj,l(x) · ξ is the l-th coordinate in the
orthonormal basis σj,l of Hj(m). By Montel’s theorem,
∑
l,k σj,l(x) · ξ σj,l(w) · η is a holomorphic
function for (x,w, ξ, η) ∈ Uj × Uj × E × E. Thus its restriction
∑
l |σj,l(x) · ξ|2 to the diagonal
Uj × E is a real analytic function.
As a consequence, the metric ‖ · ‖(m) is a smooth metric, except for the fact that it might
degenerate at some points. To show that this metric has analytic singularities and obtain the
curvature estimate, we use lemma 2 for w(x, ξ) := log ‖ξ‖2(m) and
(3) wj(x, ξ) = 2mv˜j(z
j) +
√
m(r′2 − |zj|2) + log
∑
l
|σj,l(x) · ξ|2
on the total space SmE∗ covered by p−1(U ′j) where p : S
mE∗ → X is the projection.
To proceed further, we need the following lemma 3 to compare the behaviour of wj on different
open sets. As a consequence of lemma 3, the functions wj(x, ξ) satisfy wj(x, ξ) ≤ wk(x, ξ) for any
x ∈ (U ′′j \ U ′j) ∩ U ′k for m large enough. (Remark that r′2j − |zj |2 ≤ 0 and r′2k − |zk|2 > 0 for
such x.) The choice of m depends on the value r′2k − |zk|2 > 0. But the function on U ′′j \ U ′j ,
supk 6=j,x∈U ′
k
|ak − x| has a uniform strictly positive lower bound since U ′′j \ U ′j is compact. Thus
there exists m0 such that for m ≥ m0 we have
wj(x) ≤ sup
k 6=j,x∈U ′
k
wk(x)
on U ′′j \ U ′j. We have a curvature estimate
i
2pi
∂∂wj ≥ mp∗vj −
√
m
i
2pi
∂∂|zj |2 ≥ mp∗(γ − 3εω)
6
in the sense of currents, since γj ≥ γ − 2εω for m ≥ m′0 ≥ m0 large enough (independent of x).
Then lemma 2 implies that
i
2pi
∂∂w ≥ mp∗(γ − 3εω)− p∗
(
2
∑
j
1U ′′j \U
′
j
Ajω
)
.
The right side hand is bigger than mp∗(γ − 4εω) for m ≥ m′′0 ≥ m′0.
We observe that the metric has analytic singularities. By the following lemma 3, there exist
constants Cj,k, C
′
j,k such that
wj − C′j,k ≤ wk ≤ wj + Cj,k.
Note that wj can be −∞ at some point. Thus we have
log
(∑
j
θ2je
C′j,kewk
)
≤ w = log
(∑
j
θ2j e
wj
)
≤ log
(∑
j
θ2j e
Cj,kewk
)
.
Without loss of generality, we can assume that θj is a partition of unity, and in particular that∑
j θ
2
j is strictly positive on any relative compact set. Thus w = wk + O(1) which implies w has
analytic singularities along with wk.
Now we show that (2) implies (1). The sequence of metrics in (2) induces a sequence of
Hermitian metrics on O(1) over P(SmE). Observe that we have the following commutative diagram
given by the Veronese embedding
O(m) −→ O(1)y y
P(E)
i−→ P(SmE).
Since the metric is smooth over the pre-image of a dense Zariski open set of X . The restriction of
singular metrics is well defined and still has analytic singularities. Define a sequence of metrics on
OP(E)(1) induced from the restricted metrics. This sequence of metrics is the one required in the
definition of a psef vector bundle.
The arguments needed to show that (3) implies (2) are similar. By the observation made at the
beginning of the proposition, the inequality holds on a dense Zariski open set V where the metric is
smooth. The Skoda-El Mir extension theorem implies that 1V i∂∂wm ≥ −mεmp∗ω. Since wm has
analytic singularities, the current i∂∂wm is normal, and by the support theorem 1SmE∗\V i∂∂wm is
a sum of closed positive currents obtained by integration on analytic sets with positive coefficients.
Thus the same inequality holds for i∂∂wm = 1V i∂∂wm + 1SmE∗\V i∂∂wm.
Lemma 3. There exist constants Cj,k independent of m such that the almost psh functions
w˜j(x, ξ) := 2mvj(zj) + log
∑
l
|σj,l(x) · ξ|2, (x, ξ) ∈ p−1(U ′′j ) ⊂ SmE∗
satisfy on p−1(U ′′j ∩ U ′′k ) a bound
w˜j ≤ w˜k + (2n+ 2) logm+ Cj,k.
Proof. By construction E|Uj ∼= Uj × Cr is trivial over Uj . Define a Hermitian metric h∞ on E|Uj
with strict positive curvature by taking
|ξ|2 :=
∑
λ
|ξλ|2e−
∑
j |z
j |2 .
The associated curvature form on (OP(E|Uj )(1), h∞) is strictly positive and thus defines a Ka¨hler
metric ωj on pi
−1(Uj). In fact, ΘE = ωeucl ⊗ IdE where ωeucl is the standard (flat) Hermitian
metric on Uj. By a standard formula (cf. formula (15.15) in Chap V of [Dem12]), the curvature
of (OP(E|Uj )(1), h∞) is equal to the direct sum of the Euclidean metric of Uj and of the Fubini-
Study metric of Pr−1. In particular, the Ricci curvature of ωj is non-negative. Define τ(z) :=
n log |zj−zj(x)| depending only on the base variables and possessing a logarithmic pole at x. This
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is a psh function on a neighbourhood of pi−1(Uj). Define a singular metric on OP(E|Uj )(m) as
follows. Twist the metric h
⊗(m−1)
ε ⊗ h∞ by (m − 1)v˜j(zj) + τ(zj). The resulting curvature form
on OP(E|Uj )(m) is given by
(m− 1)
( i
2pi
ΘOP(E)(1)(hε)−
i
pi
∂∂v˜j
)
+ ωj +
i
pi
∂∂τ ≥ ωj
by (1). We consider the Hilbert space F 0,qj (m) of (0, q)-forms (q = 0, 1) f on pi
−1(Uj) with values in
OP(E)(m), equipped with the L2 norm ‖f‖2j,q =
∫
pi−1(Uj)
|f |2jdVj , where dVj = ωn+r−1j /(n+ r− 1)!
and where the pointwise norm |f |j is induced by ωj and of the metric defined above on OP(E)(m).
Now, we apply Ho¨rmander’s L2 estimates for the bundle −KX + OP(E)(m) and an arbitrary
(0, 1) form g in F 0,1j (m) with ∂g = 0, (i.e. a ∂-closed L
2 (n, 1)-form valued in −KX +OP(E)(m)).
We conclude that there exists a (0, 0)-form in F 0,0j (m) such that ∂f = g and ‖f‖j,0 ≤ ‖g‖j,1. (Note
that Ric(ωj) ≥ 0.)
It remains to choose a suitable section g to prove the inequality. Fix a point x ∈ U ′′j ∩ U ′′k and
ξ ∈ SmE∗x. There exists h ∈ Hk(m) with ‖h‖k = 1 such that
|h(x) · ξ|2 =
∑
l
|σk,l(x) · ξ|2.
If the right rank side is 0, we can take h to be any element in the orthonormal basis. Otherwise,
the linear functional f 7→ f(x)·ξ is a non zero functional whose kernel defines a closed hypersurface
in Hk(m). Thus there exists h ∈ Hk(m) with ‖h‖k = 1 which is orthogonal to the kernel. It is
easy to see that such a point h is a maximum of the function Hk(m) \ 0→ R:
v 7→ |v · ξ|‖v‖2 ,
and hence we have the equality. Let χ be a cut-off function with support in the (coordinate) ball
B(x, 1/m), equal to 1 on B(x, 1/2m) and with |∂χ| ≤ m. Form ≥ m0 large enough (independent of
x ∈ U ′′j ∩U ′′k ) we have B(x, 1/m) ⊂ Uj∩Uk. We consider the solution of the equation ∂f = h∂(χ◦pi)
on pi−1(Uj). We then get a holomorphic section
h′ := h(χ ◦ pi)− f ∈ H0(pi−1(Uj),OP(E)(m)).
The section h′ coincide with h over pi−1(x), since the Lelong number of the local weight at a point
in pi−1(x) is at least that of the local weight of τ which is n. The fact that the section f is in L2
implies that it has to vanish along pi−1(x). On the other hand, we have
‖h∂(χ ◦ pi)‖2j,1 ≤ m2
∫
pi−1(B(x,1/m)\B(x,1/2m))
|h|2
h
⊗(m−1)
ε ⊗h∞
e2(m−1)v˜j(z
j)
|zj − zj(x)|2n dVj
≤ Cm2n+2
∫
pi−1(B(x,1/m)\B(x,1/2m))
|h|2
h
⊗(m−1)
ε ⊗h∞
e2(m−1)v˜j(z
j)dVj
≤ Cm2n+2
∫
pi−1(B(x,1/m))
|h|2
h
⊗(m−1)
ε ⊗h∞
e2(m−1)v˜j(z
j)dVj
≤ Cm2n+2
∫
pi−1(B(x,1/m))
|h|2
h⊗mε
e2(m−1)v˜j(z
j)dVj
≤ Cm2n+2e2m(v˜j(zj(x))−v˜k(zk(x)))
∫
pi−1(B(x,1/m))
|h|2
h⊗mε
e2mv˜k(z
k(zk))dVk
≤ Cm2n+2e2m(v˜j(zj(x))−v˜k(zk(x)))‖h‖2k
All the constants are independent of x and m. For the fourth inequality we use the fact that
hε ≥ Ch∞ for some C on P(E|Uj ), since hε has analytic singularities, h∞ is smooth and the Uj’s
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are relatively compact. For the fifth inequality, we use the fact that the oscillation of v˜j and v˜k on
B(x, 1/m) is O(1/m). By Ho¨rmander’s L2 estimates we obtain
‖f‖2j,0 ≤ Cm2n+2e2m(v˜j(z
j(x))−v˜k(z
k(x)))‖h‖2k.
Since τ ≤ 0 and hε ≥ Ch∞, we have for some C
‖f‖2j ≤ C‖f‖2j,0.
The norm ‖h(χ ◦ pi)‖j satisfies a similar estimate
‖h(χ ◦ pi)‖j ≤ Cm2e2m(v˜j(z
j(x))−v˜k(z
k(x)))‖h‖2k
where C comes from the change of volume form from dVj to dVk and the oscillation of v˜j and v˜k
on B(x, 1/m). Thus we have
‖h′‖j ≤ Cm2n+2e2m(v˜j(z
j(x))−v˜k(z
k(x))),∑
l
|σj,l(x) · ξ|2 ≥ C−1m−2n−2e−2m(v˜j(zj(x))−v˜k(zk(x)))|h′(x) · ξ|2
≥ C−1m−2n−2e−2m(v˜j(zj(x))−v˜k(zk(x)))
∑
l
|σk,l(x) · ξ|2
since h′(x) = h(x) and
∑
l |σk,l(x) · ξ|2 = |h(x) · ξ|2. By taking logarithms, we infer the desired
inequality.
Remark 1. We have formulated the proposition in terms of E∗ instead of E for the following
reason. According to [BP08] and section 16 of [HPS16], the dual metric of a singular metric of vector
bundle is always pointwise well defined. However the dual metric is not necessarily continuous if
the original metric is continuous. Let us consider a case where the metric has analytic singularities.
Assume that log |ξ|h has analytic singularities as a function on the total space V for some vector
bundle (V, h) and is the form of log
∑ |fi(x) · ξ|2 + ψ(x) with fi are holomorphic vector bundle
sections and ψ is bounded. This is for instance the case for the approximating metrics used in
Proposition 1. The function log |ξ∗|h∗ on the total space V ∗ is the difference of two real analytic
functions modulo bounded terms, on the dense Zariski open set where the metric is smooth. At
points where the metric is smooth, we have log |ξ|2h = log(ξ†H(x)ξ) for some Hermitian matrix
H(x) where † means the Hermitian transpose. log |ξ∗|h∗ = log(ξ∗†(H−1(x))ξ∗) which can be
calculated from the determinant and the adjugate matrix of H(x). Each component of the adjoint
matrix and of the determinant is the product of a bounded function times a real analytic series in
the zj’s (coordinates of x) and in ξ. Near the singular locus of the metric h, both functions can
tend to infinity for fixed ξ∗. These facts would result in more difficulties to be dealt with.
Here is a concrete example taken from Raufi [Rau15]. Let E be the trivial rank 2 vector bundle
over C where the metric at z ∈ C is represented by the matrix
H :=
(
1 + |z|2 z
z |z|2
)
.
On C∗, the dual metric can be represented by the matrix
(H−1)† =
1
|z|4
(|z|2 −z
−z 1 + |z|2
)
.
Thus log |ξ∗|h∗ = log(|zξ∗2 |2 + |z¯ξ∗1 + ξ∗2 |2)− log |z|4. At ξ∗ = (1, 0), log |ξ∗|h∗ is a difference of two
functions both tending to infinity when z tends to 0.
Remark 2. We can also interpret the inequality
iΘSmE∗,hm ≤ mεmω ⊗ Id
in the sense of currents as follows: for any non-trivial local section s of SmE∗, mεmω+i∂∂ log |s|2hm
is a positive current. The local section can be seen as a map i from an open subset of X to the
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total space SmE∗. If we pull back the current (2) to U via i, we see that mεmω + i∂∂ log |s|2hm is
a positive current. Here |s|hm is not identically zero since it is non vanishing outside of the zero
locus of s and of singular locus of hm.
Further discussions of these points can be found in [Paun16]. The above proposition also
answers partially to a question proposed in remark 2.11 of [Paun16]. Given a singular Finsler
metric with analytic singularities on a vector bundle, one can produce singular Hermitian metrics
on high order symmetric tensor products of the given vector bundle, with arbitrary small loss of
positivity.
As a direct consequence of the approximation statement, we have the following corollary.
Corollary 1. If E is a psef vector bundle of rank r over a compact Ka¨hler manifold (X,ω), then
det(E) is a psef line bundle.
Proof. On X \ Zm, the curvature inequality
iΘSmE∗,hm ≤ mεmω ⊗ Id
implies that iΘdetSmE,deth∗m ≥ −rank(SmE)mεmω. On the other hand
detSmE = (detE)⊗
mrank(SmE)
r .
Therefore, the induced metric on det(E) satisfies on X \ Zm the curvature inequality
iΘdet(E) ≥ −rεmω.
Let us point out that the metric hm is smooth on X (although it might vanish at some points).
The induced metric on − det(E) is locally bounded. In other words, the local weight of the
dual metric on det(E) is locally bounded from above. By the Riemann extension theorem, the
curvature inequality holds in the sense of currents throughout X , and not only on X \ Zm. By
weak compactness, up to taking some subsequence, we get in the limit a closed positive current
belonging to the class c1(detE). This shows that det(E) is psef.
Another direct application of the approximation is the following corollary.
Corollary 2. Let E be a vector bundle over a compact Ka¨hler manifold (X,ω). The following
properties are equivalent.
(1) E is psef.
(2) For any m ∈ N∗, SmE is psef.
(3) There exists m ∈ N∗ such that SmE is psef.
Proof. (2) implies (3) trivially. (3) implies (1) as in the proof of (2) implying (1) in Proposition
1. (1) implies (2) is a direct consequence of Proposition 1. All symmetric products SmpE of E
(p ∈ N∗) are quotients of symmetric products of Sp(SmE). On the other hand, the induced metric
on the quotient bundle of a vector bundle will satisfy similar curvature condition as the original
metric as in point (1) the following corollary.
As in [DPS94], one can derive some natural algebraic properties of psef vector bundles.
Corollary 3 (Algebraic properties of psef vector bundles).
1. A quotient bundle of a psef vector bundle is psef.
2. A direct summand of psef vector bundles is psef.
3. A direct sum of psef vector bundles is psef.
4. A tensor product (or Schur functor of positive weight ) of psef vector bundles is psef.
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Proof. One can obtain lower bounds of the curvature through calculations very similar to those of
[DPS94]. We first show that the induced singular metric has analytic singularities.
Assume E to be psef. The surjective bundle morphism E → Q induces a closed immersion
of P(Q) into P(E), and the restriction of OP(E)(1) to P(Q) is OP(Q)(1). The singular metrics
on OP(E)(1) prescribed in the definition of a psef vector bundle induce by restriction singular
metrics with analytic singularities on OP(Q)(1). If we observe that all metrics involved are smooth
over inverse images of non-empty Zariski open sets, we infer that the restricted metrics are not
identically infinite. This concludes the proof of (1).
(1) implies (2) since a direct summand can be seen as a quotient bundle. Now, let E,F be
two psef vector bundles. The Hermitian metrics on OP(E)(1) and OP(F )(1) correspond to Finsler
metrics on E∗ and F ∗ denoted by hE , hF . Then hE + hF defines a Finsler metric with analytic
singularities on E∗ ⊕F ∗. It corresponds to a Hermitian metric on OP(E⊕F )(1), and the properties
required in the definition can easily be checked for hE + hF if they are satisfied for hE and hF .
This concludes the proof of (3).
By Corollary 2 and (3), S2(E ⊕ F ) is psef as soon as E,F are. Since
S2(E ⊕ F ) ∼= S2E ⊕ (E ⊗ F )⊗ S2F,
we infer by (2) that E⊗F is psef. Finally, the fact that a Schur tensor power is a direct summand
of a tensor product implies (4).
Corollary 4. Let
0→ S → E → Q→ 0
be an exact sequence of holomorphic vector bundles. If E, (det(Q))−1 are psef, then S is psef.
Proof. We have S =
∧s−1 S∗ ⊗ detS where s is the rank of S. By dualizing and taking the s− 1
exterior product, we get a surjective bundle morphism
s−1∧
E∗ →
s−1∧
S∗ = S ⊗ (detS)−1.
On the other hand, we have detE ∼= detS ⊗ detQ, thus we have a surjective bundle morphism
r−s−1∧
E ⊗ (detQ)−1 → S
where r is the rank of E by tensoring detE. By (4) and (5) of Corollary 3,
∧r−s−1
E ⊗ (detQ)−1
is psef. By (1) of Corollary 3, S is psef.
3 Reflexive sheaves
In this section, we show that a numerically flat reflexive sheaf on a compact Ka¨hler manifold is in
fact a vector bundle. We need the following topological lemma.
Lemma 4. Let X be an arbitrary complex manifold (non necessarily compact) and E be a vector
bundle on X. Let X0 be a Zariski open set in X with codim(X \ X0) ≥ 3. Then the morphism
induced by the restriction morphism H1(X,E)→ H1(X0, E) is subjective.
Proof. We start by proving that
H1(C3 \ {(0, 0, 0)},OC3\{(0,0,0)}) = 0.
It is done by direct calculation. Cover C3 \ {(0, 0, 0)} by three Stein open sets isomorphic to
C∗ × C2, say Ui = {zi 6= 0}, with coordinates (z0, z1, z2). A 1-cochain can be identified with a
triple of convergent power series (f01, f02, f12) with f12 (say) of type∑
(α,β,γ)∈Z2×N
cαβγz
α
0 z
β
1 z
γ
2
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over C∗2 × C (the intersection of two Stein open sets). Similarly, f02 is a sum over (α, β, γ) ∈
Z× N× Z and f01 is a sum over (α, β, γ) ∈ N× Z2.
The condition that (f01, f02, f12) is closed means that f01− f02+ f12 = 0 on the intersection of
the three Stein open sets U0 ∩U1 ∩ U2, biholomorphic to C∗3. We can write f01 as a sum of three
convergent power series g001, g
1
01, g01 such that g01 has only positive power terms, g
0
01 has only
negative power terms in z0 and g
1
01 has only negative power terms in z1. Similarly, we decompose
f02, f12. Now the closedness condition is equivalent to
g01 − g02 + g12 = 0, g001 = g002, g212 = g202, g101 + g112 = 0.
We define a 0-cochain in such a way that its differential is (f01, f02, f12). On U0, resp. U1, U2, we
take the convergent power series g01 + g
0
01, resp. g
1
12, −g12− g202. This implies that every 1-cocycle
is exact, hence
H1(C3 \ {(0, 0, 0)},OC3\{(0,0,0)}) = 0.
Now, on every polydisc D in C3, a holomorphic function is uniquely determined by its Taylor
expansion at origin, and the same calculation shows that
H1(D \ {(0, 0, 0)},OD\{(0,0,0)}) = 0.
By a similar calculation, we can show that for any polydisc D of dimension at least 3,
H1(D \ {0},OD\{0}) = 0.
By the Ku¨nneth formula, for B′ × (B′′ \ {0}) where B′, B′′ are polydiscs with dimension of B′′ at
least 3, we have H1(B′ × (B′′ \ {0}),OB′×(B′′\{0})) = 0.
We now return to the general case. By the standard lemma below ensuring the existence of
stratifications of analytic sets, we can reduce ourselves to the situation where X \X0 is a closed
manifold.
Cover X by the Stein open sets Uα and Bβ := B
′
β × B′′β such that X0 is covered by Uα and
B′β × (B′′β \ {0}) where B′β , B′′β are polydiscs with dimension of B′′β at least 3. Assume that E
is trivial on Uα and Bβ . Cover B
′
β × (B′′β \ {0}) by Bγβ (1 ≤ γ ≤ dimB′′β) such that each Bγβ is
isomorphic to a polydisc minus a hyperplane defined as zero set of one coordinate. Since Uα, B
γ
β
are Stein, the cohomology on X0 can be calculated as the Cˇech cohomology with respect to this
open covering of X0, which we denote by V . We also denote by U the open covering of X consisting
of the sets Uα, Bβ . Any element s of H
1(X0, E) can be represented by a family of sections
(sα1,α2 , s
γ
αβ, s
γ1,γ2
β , s
γ1,γ2
β1,β2
) ∈∏
Γ(Uα1 ∩ Uα2 , E)×
∏
Γ(Uα ∩Bγβ , E)×
∏
Γ(Bγ1β ∩Bγ2β , E)×
∏
Γ(Bγ1β1 ∩B
γ2
β2
, E).
Since H1(B′β ×B′′β , E) = 0 by the previous case, there exists
(sγβ) ∈
∏
Γ(Bγβ , E)
such that for any β fixed
sγ1,γ2β = (−1)γ1+1sγ1β + (−1)γ2+1sγ2β .
Define a 0-cochain
(sγβ , 0) ∈
∏
Γ(Bγβ , E)×
∏
Γ(Uα, E).
Then we have (sα1,α2 , s
γ
αβ , s
γ1,γ2
β , s
γ1,γ2
β1,β2
) + δ(−sγβ, 0) as another representative of the same coho-
mology class on X0. The components in Γ(B
γ1
β ∩ Bγ2β , E) are 0 by construction. Thus we can
assume that the components in Γ(Bγ1β ∩Bγ2β , E) are 0 from the beginning.
Since the representative is closed, the components in Γ(Bγβ ∩ Uα, E) glue to a section sα,β ∈
Γ(Bβ \ (B′β ×{0})∩Uα, E) when γ varies. By the Hartogs theorem, this section extends across the
submanifold B′β × {0}, as its codimension is at least 3. The components in Γ(Bγ1β1 ∩ B
γ2
β2
, E) can
be glued into a section of Γ(Bγ1β1 ∩ Bβ2 , E) when γ2 varies, and into a section of Γ(Bβ1 ∩ B
γ2
β2
, E)
when γ1 varies. By the unique continuation theorem for holomorphic functions, in fact they define
a holomorphic section sβ1,β2 of E on Bβ1 ∩Bβ2 .
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We claim that after performing this glueing, the sections
(sα1,α2 , sα,β, sβ1,β2) ∈
∏
Γ(Uα1 ∩ Uα2 , E)×
∏
Γ(Uα ∩Bβ , E)×
∏
Γ(Bβ1 ∩Bβ2 , E)
define a 1-cocycle of X with respect to the open covering Uα, Bβ , and that its class in H
1(X0, E)
is exactly s.
The reason is as follows. The image of (sα1,α2 , sα,β , sβ1,β2) from H
1(U , E) to H1(U ∩X0, E) is
just the restriction of sections. The covering V is a refinement of U ∩X0 given by the inclusion of
open sets: Uα ⊂ Uα, Bγβ ⊂ Bβ . The image under this refinement of open sets is precisely s.
Lemma 5 (Stratification of analytic sets, see e.g. Proposition 5.6 in Chap. II of [Dem12]).
Let Z ⊂ X be an analytic subset of dimension n. Then Z admits a stratification ∅ = Zn+1 ⊂ · · · ⊂
Z0 = Z by closed analytic sets Zk of dimension nk > nk+1 such that Zk \Zk+1 is a closed complex
submanifold of dimension nk of X \ Zk+1.
Let us point out that the result is false if the codimension is equal to 2. For example, the group
H1(C2\{(0, 0)},OC2\{(0,0)}) is infinite dimensional, while H1(C2,OC2) = 0 by Cartan’s theorem B.
We now introduce the definition of nef and psef torsion-free sheaves.
Definition 4 (Nef/ Psef torsion-free sheaf).
Assume that F is a torsion free sheaf over a compact complex manifold X. We say that F is nef
(resp. psef ) if there exists some modification pi : X˜ → X such that pi∗F is a nef (resp. psef ) vector
bundle.
Remark 3. By the work of Hironaka, for any torsion-free sheaf F over a compact complex man-
ifold, there exists a modification pi : X˜ → X such that pi∗F is a locally free sheaf (i.e. a vector
bundle). In the above definition, we say that F is nef or psef if pi∗F is nef or psef.
Let us recall here theorem 1.B.1 of [Paun98]. Let f : Y → X be a surjective holomorphic map
between compact complex manifolds. Let α be a cohomology class in the Bott-Chern cohomology
class H1,1BC(X,C). Then α is nef if and only if f
∗α is nef.
For the vector bundle case, a modification σ : X˜ → X induces a subjection σ˜ : P(σ∗E)→ P(E)
where E is a vector bundle over X . The pull back of OP(E)(1) under σ˜ is OP(σ∗E)(1). Thus σ∗E
is nef if and only if OP(σ∗E)(1) is nef which is equivalent to say that OP(E)(1) is nef, i.e. E is nef.
Thus in the above definition, it is same to say that F is nef if and only if for every modification
σ : X˜ → X such that σ∗F is a vector bundle, σ∗F is nef.
Similarly, let f : Y → X be a surjective holomorphic map between compact complex manifolds.
Let α be a cohomology class in the Bott-Chern cohomology class H1,1BC(X,C). Then α is psef if
and only if f∗α is psef. The pull back of a psef vector bundle E under a modification σ is psef
if and only if E itself is psef. Once a smooth metric has been fixed on E, the singular metrics
on OP(σ∗E)(1) (resp. on OP(E)(1)) are identified with quasi-psh functions. Let us observe that the
push forward of a psh function with analytic singularities under a proper modification is still a psh
function with analytic singularities. The singular set of the pushed forward weight on OP(E)(1) is
the image of the singular set of the weight function on OP(σ∗E)(1).
More precisely, denote by p˜i : P(σ∗E) → X˜ and pi : P(E) → X the projections. We have
pi◦σ˜ = σ◦p˜i. For a simple blow-up with a smooth irreducible centre, the opposite of the cohomology
class of the exceptional divisor has a smooth representative that is positive along the fibers of the
projectivised normal bundle. From this, it is easy to see that exists a smooth form ωE on X˜
such that σ∗ωX + ωE is a Ka¨hler form on X˜, and {ωE} = −{[E]} for a suitable combination
E =
∑
δjEj , δj ∈ R>0 of the irreducible components Ej of the exceptional divisor. Notice that
{σ∗ωE} is the zero cohomology class. Denote by ϕ a quasi psh function on X˜ such that
ωE = −[E] + i∂∂ϕ.
Assume that σ∗E is psef and let us use a reference metric σ∗h∞ induced by a smooth metric h∞
on E. Then there exist quasi-psh functions ψε with analytic singularities such that
iΘ(OP(σ∗E)(1), σ∗h∞e−ψε) ≥ −εp˜i∗(σ∗ωX + ωE),
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and σ∗h∞e
−ψε−p˜i
∗ϕ are singular metrics with analytic singularities on OP(σ∗E)(1). By taking the
push-forward of the quasi-psh functions ψε+εp˜i
∗ϕ under the modification σ˜, we get singular metrics
hε := h∞e
−σ˜∗(ψε+εp˜i
∗ϕ) on OP(E)(1) possessing analytic singularities and satisfying the condition
iΘ(OP(E)(1), hε) ≥ −εpi∗ωX .
In the above definition, it is thus the same to say that F is psef if and only if for every modification
σ : X˜ → X such that σ∗F is a vector bundle, σ∗F is psef.
In fact, following the arguments in [Paun98] and [DPS94], we can prove a more general result.
Theorem 1. Let f : Y → X be a surjective holomorphic map between compact Ka¨hler manifolds.
Let E be a vector bundle over X. Then f∗E is psef if and only if E is psef.
Proof. It is easy to see that E is psef implies that f∗E is psef. To prove the inverse direction, we
use the Hironaka flattening theorem which shows the existence of a commutative diagram
Z
pi2−→ X˜
pi1
y yσ
Y
f−→ X
where Z is a compact Ka¨hler complex space, pi2 a flat morphism (i.e. with equidimensional fibres)
and σ a composition of blow-ups of smooth centres. In the previous remark, we prove that the pull
back of a vector bundle under a blow-up of smooth center is psef if and only if it is itself psef. The
result will follow if we prove that the pull back of a vector bundle under a flat morphism is psef if
and only if it is itself psef. Intuitively, we would want to take the quasi-psh weight at any point to
be the supremum of the quasi-psh weight on the pre-image of that point. But this operation does
not necessarily give the desired lower bound of curvature. In order to overcome this difficulty, we
use a modified version of this argument given in [DPS94] proposition 1.8, as follows.
Proposition 2. Let f : Y → X be a surjective holomorphic map with equidimensional fibres
where X is a compact Ka¨hler manifold and Y is a compact Ka¨hler complex space. Let E be a
vector bundle over X. Then f∗E is psef if and only if E is psef.
Proof. The proof is essentially the same as for The´ore`me 1.B.1 in [Paun98] and Proposition 1.8
in [DPS94]. We just outline the arguments with the necessary modifications.
We denote by the same symbol f the induced map P(f∗E) → P(E). Let α be the curvature
form in the cohomology class c1(OP(E)(1)) induced by some smooth metric on E. Let ψε be quasi
psh functions with analytic singularities on P(f∗E) such that
f∗α+
i
2pi
∂∂ψε ≥ −εω′, ε > 0,
for some Ka¨hler form ω′ on P(f∗E). The existence follows from the definition of a psef vector
bundle (the definition of a psef vector bundle is still valid for a compact Ka¨hler complex space).
Denote by p the dimension of fibres. For every y ∈ P(f∗E) there exist local holomorphic
functions w1, · · · , wp in a neighbourhood U of y such that z 7→ (f(z), w1(z), · · · , wp(z)) is a proper
finite morphism from U to a neighbourhood of {f(y)} × {0} in P(E)× Cp. Thus there exist local
coordinates centered at f(y) on P(E) such that
|F (z)− F (y)|2 +
∑
1≤j≤p
|wj(z)|2 > 0
on ∂U , where F = (F1, · · · , Fn) denote the local coordinate components of f .
Since P(f∗E) is compact, we can cover P(f∗E) by finitely many such sets Uk centered at
yk ∈ P(f∗E), and find corresponding holomorphic functions (w(k)1 , · · · , w(k)p ) on Uk, as well as
components F (k). Each Uk can be supposed to be embedded as a closed analytic set of some open
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set in CNk with coordinates (w
(k)
1 , · · · , w(k)p , · · · , w(k)Nk ) (i.e., we complete (w
(k)
1 , · · · , w(k)p ) into a
local coordinate system of CNk). By construction,
2δk := inf
∂Uk
|F (k)(z)− F (k)(yk)|2 +
∑
1≤j≤p
|w(k)j (z)|2 > 0.
We can even suppose that the open sets
Vk := {z ∈ Uk; |F (k)(z)− F (k)(yk)|2 +
∑
1≤j≤p
|w(k)j (z)|2 < δk}
cover P(f∗E). Define for z ∈ Uk
λ(k)ε (z) := ε
3
∑
1≤i≤Nk
|w(k)i |2 − ε2(|F (k)(z)− F (k)(yk)|2 +
∑
1≤j≤p
|w(k)j (z)|2 − δk),
and for x ∈ P(E),
ϕε := sup
y∈f−1(x)∩Uk
(ψε4(y) + λ
(k)
ε (y))
where the supremum is also taken with respect to k. The curvature condition is checked as the
same as in [Paun98] and [DPS94].
Let us observe that by using a regularization, one can assume that the quasi psh weight ψε is
continuous (i.e. locally the weight is of the form c log
∑ |gj|2 + f where f is continuous and not
just bounded).
By choosing ε small enough, we get ϕε continuous with values in [−∞,∞[. In fact, for ε small
enough, λ
(k)
ε is strictly negative on the boundary of Uk and positive on Vk. Thus the function
Ψε(y) := ψε4(y) + supy∈Uk λ
(k)
ε (y) is continuous on Y . Since ϕε(x) = supy∈f−1(x)Ψε(y), ϕε is
continuous on X .
We now turn ourselves to the proof that ϕε has analytic singularities. Observe that ϕε has the
same singularities as the function supy∈f−1(x) ψε4(y) on X , since the functions λ
(k)
ε are bounded.
We claim the following more general fact: let f : Y → X be a proper morphism between complex
spaces, and ϕε be a quasi psh function with analytic singularities on Y , then the function
f∗ϕ(x) := sup
y∈f−1(x)
ϕ(y)
has analytic singularities on X . Here “ϕ is a quasi-psh function over a complex space” means
that ϕ can be locally extended as a quasi-psh function to any open set of CN in which Y can be
embedded as a closed analytic set; that ϕ has analytic singularities means for every y ∈ Y , there
exists an open set on which ϕ = c log(
∑ |gi|2) + f , with holomorphic functions gi and a bounded
function f .
By Hironaka, there exists a modification σ : Y˜ → Y such that Y˜ is smooth. By considering f ◦σ
and ϕ◦σ, we are reduced to the case where Y is smooth. For every x ∈ X , we can cover f−1(x) by
finite open sets Uk such that the restriction of ϕ to each open set is of the form c log
∑ |g(k)i |2+O(1),
where gi are holomorphic functions on this open set and O(1) is a bounded term. There exists an
open neighbourhood V of x such that f−1(V ) ⊂ ∪kUk. For every x ∈ V ,
f∗ϕ(x) = sup
k
sup
y∈f−1(x)∩Uk
ϕ(y).
Since a finite supremum of quasi-psh functions with analytic singularities still has analytic singu-
larities, it is enough to show that supy∈f−1(x)∩Uk ϕ(y) has analytic singularities for every k. Since
we take a finite supremum, the bounded terms will remain bounded after taking the supremum,
therefore we are only concerned with the logarithmic term in what follows.
Let Jk be the maximal germ of ideal sheaf at x such that f
∗Jk|Uk ⊂ (g(k)i ) with respect to
the inclusion relation. (Here one may have to shrink the open set Uk, i.e. the inclusion is to be
understood in the sense of germs at any point of f−1(x).) Then the ideal (g
(k)
i ) is generated
by finitely many holomorphic functions that are either of the form f∗h
(k)
α for some holomorphic
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function germ at x, or of the form f
(k)
β for some holomorphic function on Uk. We claim that the
zero set V (f
(k)
β ) is not of the form f
−1(f(V (f
(k)
β ))). Otherwise, by Hilbert’s Nullstensatz, f
(k)
β is
contained in the germ of pull back of the prime ideal sheaf vanishing on f(V (f
(k)
β )), contradicting
the maximality of Jk. Therefore
log(
∑
α
|g(k)α |2)(x) = sup
y∈f−1(x)∩Uk
log(
∑
α
|f∗h(k)α |2 +
∑
β
|f (k)β |2),
which also has analytic singularities.
We can now prove the main result of this section. For the convenience of readers, we recall
here the definition of Chern classes of a torsion free coherent sheaf.
Lemma 6. Let F be a torsion free sheaf of generic rank r over X a complex manifold. Then for
every i ∈ N, the Chern class ci(F) is well defined in the Bott-Chern cohomology group Hi,iBC(X,C).
If X is compact Ka¨hler, the Chern classes can be represented by normal currents (in fact
differences of two closed positive currents ).
Proof. Cover X by Stein open sets Uα. On each Uα, there exists an exact sequence
O⊕MαUα → O⊕NαUα → F|Uα → 0
which induces a meromorphic map
fα : Uα 99K Gr(r,Nα).
The maps O⊕MαUα → O⊕NαUα are locally given as holomorphic matrices Aα(z) which are of constant
rank over Zariski open sets, and fα sends z to the image of Aα(z). Let Uˆα be the graph of this
map fˆα : Uˆα → Gr(r,Nα) be the corresponding morphism (given by the second projection of the
graph). The Uˆα glue into a complex space Xˆ sitting over X , and by Hironaka, we can find a
modification σ : X˜ → Xˆ → X such that X˜ is smooth and σ∗F is a vector bundle (the pull-back to
Xˆ comes locally from the tautological quotient bundle Qα of Gr(r,Nα), hence is already a vector
bundle). We equip Qα with a smooth metric (e.g. the standard one coming from a Hermitian
structure on CNα) and use a partition of unity to endow σ∗F with a smooth metric h. Then the
Chern forms ci(σ
∗F , h) associated with the curvature tensor represent the Chern classes ci(σ∗F)
in Bott-Chern cohomology on X˜, and we define the Chern classes ci(F) in Bott-Chern cohomology
on X to be the direct images σ∗ci(σ
∗F , h). It is well known that these classes are independent of
the choice of the metric h.
Without loss of generality, again by Hironaka, we can assume that σ is obtained as composition
of blows-up with smooth centres. Thus X˜ is also a compact Ka¨hler manifold. Let ω be a smooth
Ka¨hler form on X˜ . Then for C large enough, ci(σ
∗F , h) can be written as difference of two positive
forms ci(σ
∗F , h) + Cωi and Cωi. The second statement holds by taking direct images of these
positive forms.
Lemma 7. Let F be a nef reflexive sheaf over a compact Ka¨hler manifold (X,ω) with c1(F) = 0.
Then F is a nef vector bundle.
Proof. The proof is analogous to those of [CCM19] and [HIM19]. The essential point is the following
result of [BS94]: for a polystable reflexive sheaf F of rank r over a compact n-dimensional Ka¨hler
manifold (X,ω), one has the Bogomolov inequality∫
X
(2rc2(F)− (r − 1)c1(F)2) ∧ ωn−2 ≥ 0,
and the equality holds if and only if F is locally free and its Hermitian-Einstein metric gives a
projective flat connection.
The proof is obtained by an induction on the rank of F . The general strategy of the induction
is the same as in [HIM19]. For the convenience of the reader, we outline here the arguments with
the necessary modifications. In the rank one case, reflexive sheaves are locally free, hence line
bundles, and the conclusion is immediate. Let us observe however that the reflexivility condition
16
is necessary even in that case; for example, the ideal sheaf associated with an analytic set of
codimension at least 2 is of generic rank one, torsion free, but not locally free.
In the higher rank case, we consider the Harder-Narasimhan filtration of F with respect to ω,
say
F0 = 0→ F1 → F2 → · · · → Fm := F
where Fi/Fi−1 is ω-stable for every i and µ1 ≥ µ2 ≥ · · · ≥ µm, and where µj = µω(Fj/Fj−1) is
the slope of Fj/Fj−1 with respect to ω. Now, consider the coherent subsheaf S = Fm−1. Without
loss of generality, we can assume that S is reflexive by taking the double dual if necessary, as this
preserves the rank, first Chern class and slope. Then we get a short exact sequence
0→ S → F → Q → 0,
and Q is a torsion-free coherent sheaf. Pick a modification σ such that σ∗F and σ∗(Q) are vector
bundles, with σ∗F being nef. The pull back functor is right exact, so we have surjective bundle
morphism σ∗F → σ∗(Q). Thus σ∗(Q) is a nef vector bundle. By definition, we conclude that Q is
nef.
In particular, its first Chern class c1(Q) is pseudo-effective. On the other hand, we have
0 = c1(F) = c1(S) + c1(Q)
by the assumption. Thus ∫
X
c1(Q) ∧ ωn−1 = −
∫
X
c1(S) ∧ ωn−1 ≤ 0,
and c1(Q) = c1(S) = 0.
Let X0 be the largest open set on which F is locally free. We claim that S is a vector subbundle
of F on X0, and that the morphism S → F is a bundle morphism on X0; for this, we apply
corollary 1.20 of [DPS94] and prove that det(Q∗) → ∧pF∗ is an injective bundle morphism on
X0, where p is the rank of Q. This corresponds to a global section τ ∈ H0(X,
∧pF∗ ⊗ det(Q)∗∗).
There exists a modification σ : X˜ → X such that σ∗(∧pF ⊗ det(Q∗)) is a vector bundle. We
can assume that σ is obtained as a composition of smooth centres in X \X0. Let us observe that∧pF is nef, and also that det(Q∗) is nef since c1(Q) = 0. Thus σ∗τ cannot vanish at any point
of X˜ by Prop. 1.16 of [DPS94]. Thus τ does not vanish on X0. This concludes the proof of the
claim. In particular, Q is a vector bundle over X0.
Let s be the rank of S, which must be strictly smaller than the rank r of F . We consider the
surjective bundle morphism
r−s+1∧
F ⊗ det Q∗ → S
on X0. Since F is nef and det Q∗ is numerical trivial, we infer that S is a nef reflexive sheaf. By
the induction hypothesis, S is in fact a nef vector bundle over X .
Q is a priori not necessarily a reflexive sheaf, but the double dual Q∗∗ is. To conclude that
Q∗∗ is in fact a vector bundle by the result of Bando-Siu recalled at the beginning, it is enough
to prove that c2(Q∗∗) = 0. Since Q is locally free on X0 and the codimension of X \ X0 is at
least 3, Q coincides with Q∗∗ on X0. Let i be the inclusion X0 → X . Since the restriction map
i∗ : H4(X,R)→ H4(X0,R) is an isomorphism (cf. lemma 8 of [Wu19]) and
i∗c2(Q) = c2(Q|X0) = c2(Q∗∗|X0) = i∗c2(Q∗∗),
we infer that c2(Q) = c2(Q∗∗). Let pi : P(σ∗Q) → X be the projectivization of the nef vector
bundle σ∗Q, viewd as a quotient of the nef vector bundle σ∗F . By the definition of Segre classes,
we have
pi∗(c1(OP(σ∗Q)(1))r−s+1) = s2(σ∗Q) = c21(σ∗Q)− c2(σ∗Q).
In particular, ∫
X˜
s2(σ
∗Q) ∧ ω˜n−2 =
∫
P(σ∗Q)
c1(OP(σ∗Q)(1))r−s+1 ∧ ω˜n−2 ≥ 0,
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as σ∗Q is a nef vector bundle and thus s2(Q) = −c2(Q) is a positive class, containing a closed
positive (2, 2)-current. Here ω˜ is any Ka¨hler form on X˜. Since c1(σ
∗Q) = 0, we deduce that∫
X˜
c2(σ
∗Q) ∧ ω˜n−2 ≤ 0.
The inequality is valid for any Ka¨hler form on X˜. In particular, we can take a sequence of Ka¨hler
metrics on X˜ converging to pi∗ω, and this implies∫
X
c2(Q) ∧ ωn−2 =
∫
X˜
c2(σ
∗Q) ∧ pi∗ωn−2 ≤ 0.
The Bogomolov inequality shows that∫
X
c2(Q∗∗) ∧ ωn−2 = 0.
Q∗∗ is thus in fact a vector bundle by the result of Bando-Siu.
The extension class obtained from the exact sequence on X0 can be extended to the extension
class (defined on X) of S and Q∗∗ by lemma 4. The extended class by construction determines a
vector bundle whose restriction to X0 is isomorphic to F . Since F is a reflexive sheaf, in fact we
have an isomorphism on X . This proves that F is in fact a vector bundle. By remark 3, it is a nef
vector bundle.
Remark 4. It has been observed by Demailly, that the previous lemma can be derived from
Theorem 1.18 of [DPS94]. Let us recall the statement of this theorem. Let E be a numerically flat
vector bundle over a compact Ka¨hler manifold (X,ω). Then there exists a filtration of E
0 = E0 ⊂ E1 ⊂ · · · ⊂ Ep = E
by vector subbundles such that the quotients Ek/Ek−1 are hermitian flat, i.e. given by unitary
representations pi1(X)→ U(rk).
Since F is a nef reflexive sheaf with c1(F) = 0, there exists a modification such that σ : X˜ → X
such that σ∗F is a nef vector bundle with vanishing first Chern class. By the above theorem, there
exists a filtration of σ∗F
0 = E˜0 ⊂ E˜1 ⊂ · · · ⊂ E˜p = σ∗F
by vector bundles over X˜ such that E˜k/E˜k−1 are hermitian flat.
We claim that E˜k/E˜k−1 = σ
∗(Ek/Ek−1) for some vector bundle Ek/Ek−1 over X for each k.
(For the moment, Ek/Ek−1 is just a notion, not the quotient of two vector bundles overX . But it is
the case which is proven in the next paragraph.) The reason is as follows. σ∗ : pi1(X˜)→ pi1(X) is an
isomorphism since we can assume that σ is composition of a sequence of blows-up of smooth centres
and as a CW complex a blow-up of smooth center changes skeleton of (real) codimension at least
2 which preserves the fundamental group. Thus we have unitary representations pi1(X) → U(rk)
which proves the claim.
Let A be the analytic set such that F is locally free over X \ A. Since F is reflexive, A is
of codimension at least 3 in X . Without loss of generality, we can assume that σ induces an
isomorphism between σ−1(X \A) and X \A. Thus we have extension of vector bundles over X \A
0→ Ek−1|X\A → Ek|X\A → Ek−1/Ek−1|X\A
where Ek are a priori vector bundles defined over X \A. By lemma 4, the extensions extend across
A. Thus there exist vector bundles Ek over X which are the extensions of Ek−1 and Ek/Ek−1.
By construction, we have isomorphism F|X\A ∼= Ep|X\A. Since F is reflexive, we have isomor-
phism F ∼= Ep over X . In particular, F is a vector bundle.
Remark 5. In the proof, we have shown that c2(F) = c2(F∗∗) ∈ H4(X,R) from the fact that
F = F∗∗ outside an analytic set of codimension at least 3. In fact, the equality also holds in
Bott-Chern cohomology, and the latter equality induces the previous one by the natural morphism
from the Bott-Chern cohomology to the de Rham cohomology.
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The proof is an easy consequence of the following diagram, using the same notation as in the
proof.
H2,2BC(X,C) −→ H2,2BC(X \A,C)y y
H4(X,C)
∼=−→H4(X \A,C).
By the Hodge decomposition theorem, the left vertical arrow is an injection, and this implies that
the map H2,2BC(X,C)→ H2,2BC(X \A,C) is also injective.
Remark 6. The difficulty to extend the above proof to the case where F is a psef reflexive sheaf
is to prove that ∫
P(σ∗F)
c1(OP(σ∗F)(1))r+1 ∧ ω˜n−2 ≥ 0
on some birational model of X . In the nef case, with small loss of positivity, the cohomology class
can be represented by smooth forms. Thus the above inequality is trivial when taking the small
loss tending to 0. In the psef case, the cohomology class can be represented by a current with
analytic singularities only at the expense of some loss of positivity. However a wedge product of
arbitrary currents is not always well defined. In the next section, we make a “digression” and
discuss what we call Segre currents to investigate the psef case.
4 Segre forms
In this section, we are interested in the following problem. Assume that E is a holomorphic vector
bundle of rank r over a compact Ka¨hler manifold (X,ω). Can one find a (k, k)-closed positive
current in the Segre class sk(E) := pi∗(c1(OP(E)(1))k+r−1)? We have to point out that a similar
construction is made in [LRRS18], based on Demailly’s improvement ([Dem92]) of the Bedford-
Taylor theory ([BT82]) of Monge-Ampe`re operators. The authors define the corresponding current
as a limit of smooth forms induced from local smooth regularizations of the metric given in [Rau15].
Compared to theirs, our construction has the advantage that we define the relevant current as a
limit of currents defined by Monge-Ampe`re operators without necessarily employing a regularizing
sequence. In that way, we are still in a position to estimate the Lelong number of the limiting
Segre current in terms by the Lelong number of the approximating sequence of weights. On the
other hand, in the case of [LRRS18], the approximation is given by smooth forms, hence the
Lelong number of the approximation forms is identically zero, and one does not a priori obtain
any information on the Lelong number of the limiting current. The Lelong number estimate will
be necessary in the next section.
In particular, starting from a singular metric with analytic singularities on OP(E)(1), the con-
struction yields a singular metric on det(E) which is unique up to a constant and, as a consequence,
the curvature of the induced metric of det(E) is uniquely determined by the curvature of the metric
on OP(E)(1).
To start with, we state some results of pluripotential theory. Some of this material is not
essentially needed in the construction, but it provides intuition for a few arguments. The following
statement is an improvement by Demailly of the Bedford-Taylor theory ([BT82]) of Monge-Ampe`re
operators.
Lemma 8 (Proposition 10.2 [Dem93]).
Let ψ be a plurisubharmonic function on a (non necessarily compact ) complex manifold X such
that ψ is locally bounded on X \A, where A is an analytic subset of X of codimension ≥ p+ 1 at
each point. Let θ be a closed positive current of bidimension (p, p).
Then θ ∧ i∂∂ψ can be defined in such a way that θ ∧ i∂∂ψ = limν→∞ θ ∧ i∂∂ψν in the weak
topology of currents, for any decreasing sequence (ψν)ν≥1 of plurisubharmonic functions converging
to ψ. Moreover, at every point x ∈ X we have
ν
(
θ ∧ i
pi
∂∂ψ
)
≥ ν(θ, x)ν(ψ, x).
19
Proposition 3. Let T be a (k, k)-closed positive current in the cohomology class α, over a compact
Ka¨hler manifold (X,ω). Let U be a coordinate open set of X such that on U ,
C−1ω ≤ i
2pi
∂∂|z|2 ≤ Cω.
Then for any r0 > 0 and for any x ∈ U with d(x, ∂U) ≥ r0 with respect to the Euclidean metric in
the coordinate chart, we have for r ≤ r0
1
r2n−2k
∫
B(x,r)
T ∧ ωn−k ≤ C
2n−2k
r2n−2k0
(α · {ω}n−r).
Here (α · {ω}n−r) is the intersection product of cohomology classes.
Proof. It is enough to prove that
1
r2n−2k
∫
B(x,r)
T ∧
( i
2pi
∂∂|z|2
)n−k
≤ C
n−k
r2n−2k0
(α · {ω}n−r).
By a basic observation of Lelong in [Lel68], the left hand term is a increasing function with respect
to r. Thus we have
1
r2n−2k
∫
B(x,r)
T ∧
( i
2pi
∂∂|z|2
)n−k
≤ 1
r2n−2k0
∫
B(x,r0)
T ∧
( i
2pi
∂∂|z|2
)n−k
.
However, the right hand term is at most
1
r2n−2k0
∫
B(x,r0)
T ∧ (Cω)n−k ≤ C
2n−2k
r2n−2k0
(α · {ω}n−r)
since T is a positive current.
We will need the following local parametrization theorem for analytic sets.
Lemma 9 (local parametrization theorem, cf. e.g. Theorem 4.19, Chap. II [Dem12]).
Let I be an ideal in On, let A = V (I) and Aj be the irreducible components of A whose dimension
is equal to the dimension of A. For every j and d = dj = dimAj, there exists a generic choice of
coordinates
(z′, z′′) = (z1, · · · , zd; zd+1, · · · , zn) ∈ ∆′ ×∆′′
such that the restriction of the canonical projection to the first component pij : Aj∩(∆′×∆′′)→ ∆′
is a finite and proper ramified cover, which moreover yields an e´tale cover Aj∩pi−1(∆′\S)→ ∆′\S,
where S is an analytic subset in ∆′.
Lemma 10. Let A be a compact analytic subset of a complex manifold M . Assume that dimCA = d
and dimCM = n. Let (Wν ) be relatively compact coordinate charts which form a finite open
covering of A. Without loss of generality, assume that Wν is taken to be relatively compact in
some larger coordinate chart, and is the coordinate chart provided by the local parametrization
theorem. Then there exists C > 0 such that for r > 0 small enough, the open neighbourhood⋃
ν{x ∈ Wν , d(A, x) < r} of A can be covered by at most Cr2d balls of radius r. Here the distance is
calculated by the coordinate distance in each coordinate chart.
Proof. It is enough to prove this for each Wν . We verify that the volume of the open set {x ∈
Wν , d(A, x) < r} has an upper bound Cr2n−2d for r small enough. We take in each local tubular
neighbourhood a maximal family of points with mutual coordinate distance ≥ r. For r small
enough, every point is at distance ≤ r to at least one of the centres, otherwise the family of
points would not be maximal. In particular, balls of radius 2r centered at these points cover the
tubular neighbourhood. On the other hand, balls of radius r/2 centered at these points are disjoint.
Therefore, the number of such balls Nν satisfies the relation
cnNν
(r
2
)2n
≤ Vol({x ∈Wν , d(A, x) < r}) ≤ Cr2n−2d.
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Here cn is the volume of the unit ball in C
n. The lemma follows from the inequality.
The proof of the volume estimate for the tubular neighbourhood is obtained by induction
on the dimension of the analytic set A. When d = 0, i.e. when A consists of a finite set, the
estimate is trivial. Assume that we have already proven the result for all analytic sets of dimension
d ≤ dimC(A) − 1. Then, we use the local parametrization theorem and the fact that A ∩ pi−1(S)
is a proper analytic set of A ∩Wν . By the induction hypothesis, we have
Vol({x ∈ Wν , d(A ∩ pi−1(S), x) < r}) ≤ Cr2n−2d+2,
and a similar estimate holds for the open set of points with distance < r to the irreducible compo-
nents of A of dimension ≤ d− 1. On the other hand, A ∩ pi−1(∆′ \ S) is contained in the union of
Aj +
∑n
i=d+1 D(0, r)ei where ei is the standard basis of C
n and D(0, r) is the disc in C centered at
0 of radius r. Here Aj are the irreducible components of dimension d of A intersecting pi
−1(∆′ \S).
Each open set Aj +
∑n
i=d+1 D(0, r)ei has volume equal to c(n, d)Vol(Aj)r
2n−2d where c(n, d) is
the volume of the unit disc in Cn−d. This is because that pi induces a biholomorphism between
Aj +
∑n
i=d+1 D(0, r)ei and ∆
′ × 0 +∑ni=d+1 D(0, r)ei which preserves the Lebesgue volume form.
On the other hand the tubular neighbourhood of A {d(x,A) < r} is included in the union of the
union of Aj +
∑n
i=d+1 D(0, r)ei, the open set of points whose distance to the dimension ≤ d − 1
irreducible components of A < r and {x ∈ Wν , d(A ∩ pi−1(S), x) < r} from which the estimate
follows.
Proposition 4. Let T be a (k, k)-closed positive current in the cohomology class α, over a compact
Ka¨hler manifold (X,ω). Let A be an analytic subset of X of dimension d. There exists a sequence
of open neighbourhoods U(r) of A (independent of T ) such that
⋂
r>0 U(r) = A and the volume of
U(r) is at most Cr2n−2d, with a constant C independent of T . Moreover there exists C′ independent
of T such that ∫
U(r)
T ∧ ωn−k ≤ C′r2n−2k−2d.
Here C′ depends on α, (X,ω) and A.
Proof. This is a direct consequence of Proposition 3 and Lemma 10.
Remark that in particular, if A is codimension at least k + 1, the contribution of mass of T on
U(r) vanishes asymptotically as r → 0, and the above Proposition holds uniformly for all positive
currents T in the cohomology class α. The codimension condition is optimal since that the mass
of the current [A] associated with a k-dimensional analytic set A does not vanish in the limit.
Now we return to the construction of positive currents in the Segre classes. Observe that a
codimension condition is needed to ensure the existence of such closed positive currents; this is
shown by the following easy example.
Example 1. Let X be the blow up of P2 at some point and let D be the exceptional divisor.
Consider the vector bundle E := O(D)⊕r of rank r ≥ 2 over X . Corollary 3 shows that E is a psef
vector bundle as a direct sum of psef line bundles.
An equivalent definition of total Segre class (i.e.
∑
k sk(E)) is the inverse of the total Chern
class. Remark that for any vector bundles E,F , the total Chern class satisfies the axiom c(E⊕F ) =
c(E)c(F ). Thus the same relation holds for the total Segre class since the cohomological ring is
commutative. In particular, s(E) = s(O(D))r with s2(E) =
(
r
2
)
(c1(O(D))2) = −
(
r
2
)
. Thus there
exists no closed positive current in the class s2(E).
For the convenience of the reader, we recall the definition of a Finsler metric on a vector bundle,
as introduced in [Kob75] (cf. also [Dem99]).
Definition 5. A (positive definite) Finsler metric on a holomorphic vector bundle E is a positive
complex homogeneous function
ξ → ‖ξ‖x
defined on each fibre Ex, that is, such that ‖λξ‖x = |λ|‖ξ‖x for each λ ∈ C and ξ ∈ Ex, and
‖ξ‖x > 0 for ξ 6= 0.
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We say that the metric is smooth if it is smooth outside of the zero section on the total space
of E. Observe that a Finsler metric on a line bundle L is the same as a Hermitian metric on L. A
Finsler metric on E∗ can also be viewed as a Hermitian metric h∗ on the line bundle OP(E)(−1)
(as the total space of OP(E)(−1) coincides with the blow-up of E∗ along the zero section). In
particular, OP(E)(1) carries a smooth Hermitian metric of positive Chern curvature form if and
only if E carries a smooth Finsler metric whose logarithmic indicatrix defined by
χ(x, ξ) := log ‖ξ‖x
is plurisubharmonic on the total space. Let us observe that the logarithmic indicatrix has a pole
along the zero section and can be extended as a global psh function on the total space, even though
it is a priori psh only outside of the zero section.
Assume that we have a smooth Hermitian metric on (E, h) rather than just a Finsler metric
on E, and let us consider the corresponding Hermitian metric on OP(E)(1). We have the following
calculation, which can be seen as a direct consequence of intersection theory, and is still valid on
the level of forms without passing to cohomology classes: for every k ∈ N
pi∗
(
i
2pi
Θ(OP(E)(1), h)
)r+k
= sk(E, h).
Note that the Segre classes can be written in terms of Chern classes and the Chern classes can be
represented by the Chern forms derived from the curvature tensor. For our application, we only
detail the calculation for the case k = 1 that we need.
Lemma 11. Let E be a holomorphic vector bundle of rank r on a (non necessarily compact )
complex manifold X. Let pi be the canonical projection P(E) → X. Assume that E is endowed
with a smooth Hermitian metric h, and consider the induced metrics on OP(E)(1) and det(E)
(which we still denote by h). Then
pi∗
(
i
2pi
Θ(OP(E)(1), h)
)r
=
i
2pi
Θ(det(E), det(h))
where Θ means the curvature tensor.
Proof. To start with, we recall formula (15.15) of Chap. V in [Dem12], expressing the curvature
of O(1) for the projectivisation of a vector bundle. Let (eλ) be a normal coordinate frame of E at
x0 ∈ X and let
iΘ(E)x0 =
∑
cjkλν idzj ∧ dzk ⊗ e∗λ ⊗ eν
be the curvature tensor of E. At any point a ∈ P(E) represented by a vector ∑λ aλe∗λ ∈ E∗x0 of
norm 1, the curvature of OP(E)(1) is
Θ(OP(E)(1))a =
∑
cjkνλaλaνdzj ∧ dzk +
∑
1≤λ≤r−1
dξλ ∧ dξλ,
where (ξλ) are the coordinates near a on P(E), induced by unitary coordinates of the hyperplane
a⊥ ⊂ E∗x0 . In other words, if P(E|U ) is locally isomorphic to U × Pr−1 with coordinates (z, [ξ]),
we have a canonical projection pr2 : P(E)→ Pr−1 and the curvature at (z, [ξ]) is given by
i
2pi
Θ(OP(E)(1))(z, [ξ]) = −
〈 i2piΘE∗ξ, ξ〉h
〈ξ, ξ〉h + pr
∗
2ωFS
where ωFS is the Fubini-Study metric on P
r−1. Therefore we have
pi∗
(
i
2pi
Θ(OP(E)(1), h)
)r
= −r
∫
Pr−1
〈 i2piΘE∗ξ, ξ〉h
〈ξ, ξ〉h ∧ ω
r−1
FS .
Observe that Pr−1 ∼= S2r−1/S1 by the Hopf fibration. The Fubini-Study metric is the metric
induced on the quotient Pr−1 by the restriction of the standard Euclidean metric to the unit
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hypersphere. We denote by dσ the volume form of the standard Euclidean metric restricted to
that sphere. Then we have
pi∗
(
i
2pi
Θ(OP(E)(1), h)
)r
= −r
∫
Sr−1
〈 i
2pi
ΘE∗ξ, ξ〉h ∧ dσ.
Note that for a Hermitian form Q(ξ, ξ) =
∑
λi|ξi|2 we have∫
Sr−1
Q(ξ, ξ)dσ(ξ) =
1
r
tr(Q) =
1
r
∑
λi,
since
∫
Sr−1 |ξi|2dσ(ξ) = 1r by symmetry. Thus we get
pi∗
(
i
2pi
Θ(OP(E)(1), h)
)r
= −trξ〈 i
2pi
ΘE∗ξ, ξ〉h = i
2pi
Θ(det(E), h).
As a direct consequence of the above formula, if h is a smooth semi-positive metric on OP(E)(1),
the induced metric on det(E) is also semi-positive. This is the positive form what we want. More
generally, the forms pi∗
(
i
2piΘ(OP(E)(1), h)
)r+k
= sk(E, h) are smooth positive currents in the k-th
Segre class. Hence if h is a smooth semi-positive metric on OP(E)(1), we can find positive forms in
the Segre classes, which we will call Segre forms (or Segre currents) in the sequel.
In the case where the metric is singular, the construction is more complicated. The difficulty
is that Monge-Ampe`re operators are not always well-defined for arbitrary closed positive currents.
In general, for a psef vector bundle, in order to get a singular metric with analytic singularities,
we have to allow a bounded negative part. Accordingly, we have to work in a more general setting.
Let E be a vector bundle of rank r on a compact Ka¨hler manifold (X,ω), and let T be a closed
positive (1, 1)-current on P(E), in the cohomology class of a fixed closed smooth form α. Assume
that the restriction of the cohomology class {α} is constant on any fibre of pi : P(E)→ X . A typical
case is {α} = c1(OP(E)(1)) + Cpi∗ω for some C ≥ 0. Write
T = α+ i∂∂ϕ.
Assume that ϕ is smooth over P(E)\A where A is an analytic set in P(E) such that A = pi−1(pi(A))
and pi(A) is of codimension at least k in X . We wish to define a current pi∗T
r−1+k. A priori, this
Monge-Ampe`re operator is not well defined by just invoking the codimension condition, since the
exponent r − 1 + k is larger than the codimension k. This problem can be overcome by defining
the desired current as a weak limit of a sequence of less singular currents, in such a way that the
limit is still unique.
Let ψ be a quasi-psh function on P(E) that is smooth outside an analytic set A′ such that
A′ is of dimension at most n − k − 1. In other words, the codimension of A′ in P(E) is at least
k+ r. This implies that the codimension of pi(A′) in X is at least k+1. Then the Monge-Ampe`re
operator (α+i∂∂ log(eϕ+δeψ))r−1+k is well defined for every δ > 0, as a consequence of Demailly’s
techniques [Dem92]. Thus, by a weak compactness argument, the sequence of currents
pi∗(α+ i∂∂ log(e
ϕ + δνe
ψ))r−1+k
which all belong to the cohomology class pi∗α
r−1+k, has a weak limit as δν → 0 for some sub-
sequence. Observe that if we take ψ = 0, for any δ > 0, the function log(eϕ + δ) is a bounded
quasi-psh function. In that case the wedge product
pi∗(α+ i∂∂ log(e
ϕ + δ))r−1+k
is already well defined as a current by the work of [BT82]. However, we want the flexibility of
choosing a non constant potential ψ in order to get quasi-psh functions with isolated singularities
that can be used to get Lelong number estimates. Note that since all currents involved are closed,
the limit current is still closed.
Now, we show that the limit is uniquely defined. The intuition is as follows. As we have
observed at the end of Proposition 4, the family of currents indexed by δ has a contribution of
mass 0 along the singular part of pi(A′), and we can therefore guess that the limit should be
independent of the choice of ψ. (Nevertheless, without passing to the limit, each current may still
have a positive Lelong number at some point of pi(A′).)
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Lemma 12. The limit current is independent of the choice of the smooth representative α, as well
as of the choice of ψ.
Proof. Fix a sequence δν tending to 0 such that the weak limit corresponding to α and ψ = 0
exists. Up to taking a subsequence which preserves the weak limit, we can assume in the following
that the same sequence δν gives a weak limit for different choice of α and ψ. We will prove that
the weak limits are the same, although a priori they might be different.
Let α˜, α be two representatives in the same cohomology class. Then there exists a smooth
function f on P(E) such that
α˜ = α+ i∂∂f.
Let ϕ˜ be the quasi-psh function such that T = α˜+ i∂∂ϕ˜. Without loss of generality, we can assume
that ϕ˜ = ϕ− f . Thus we have
pi∗(α˜+ i∂∂ log(e
ϕ˜ + δνe
ψ))r−1+k = pi∗(α+ i∂∂ log(e
ϕ + δνe
ψ+f ))r−1+k.
Thus to prove that the limit is independent of the choice of α, it is enough to prove that the limit
is independent of ψ, and this is what the proof will be devoted to from now on. On the regular
part X \ (pi(A) ∪ pi(A′)), the limit current is equal to
pi∗(α + i∂∂ϕ)
r−1+k
by the continuity of Monge-Ampe`re operators with respect to bounded decreasing sequences and
the fact that the currents are smooth on the pre-image of X \ (pi(A) ∪ pi(A′)). Thus the limit
currents corresponding to different choices of ψ coincide on the regular part. Now, consider a
Ka¨hler form ω˜ on P(E) satisfying the conditions
α ≥ −ω˜/2, i∂∂ψ ≥ −ω˜/2.
We can assume that the restriction of ω˜ over all the fibres Pr−1 is a fixed cohomology class. For
example, we can take
ω˜ = Cpi∗ω + c1(OP(E)(1), h∞)
for some C ≫ 0 and for a smooth metric h∞ on OP(E)(1) induced by a Hermitian metric on E.
For any δ > 0 we have
(∗)
α+ i∂∂ log(eϕ + δeψ)
≥ α+ e
ϕ
eϕ + δeψ
(i∂∂ϕ) +
δeψ
eϕ + δeψ
(i∂∂ψ) +
δeϕ+ψ
(eϕ + δeψ)2
i∂(ψ − ϕ) ∧ ∂(ψ − ϕ) ≥ −ω˜
in the sense of currents, and the lower bound is independent of δ.
By adding and subtracting ω˜ and using the Newton binomial formula, we see that the current
(α + i∂∂ log(eϕ + δeψ))r+k−1 can be written as a difference of two closed positive currents equal
to summations of terms
(α+ i∂∂ log(eϕ + δeψ) + ω˜)i ∧ ω˜j
with i+j = r+k−1. Since the direct image functor transforms closed positive currents into closed
positive currents, pi∗(α+ i∂∂ log(e
ϕ+δeψ))r+k−1 can also be written as a difference. If we compute
the limit as δ tends to 0 (up to taking some convergent subsequence), the limit current will be a
difference of two closed positive currents, in particular, limν→∞ pi∗(α + i∂∂ log(e
ϕ + δνe
ψ))r+k−1
is a normal current.
Denote by T1, T2 the limit currents obtained with different choices of ψ, namely ψ1 and ψ2.
Assume that A′ is the union of the singular loci of ψ1 and ψ2. By assumption, pi(A
′) is of codi-
mension at least k + 1 in X . Then T1 − T2 is a normal (k, k)-current supported in pi(A) ∪ pi(A′).
If the codimension of pi(A) in X is at least k + 1, standard support theorems imply that T1 = T2.
If the codimension of pi(A) in X is k, the support theorem yields
T1 − T2 =
∑
ν
cν [Zν ]
where Zν are the codimension k irreducible components of pi(A) and cν ∈ R, and there exists
no components of pi(A′) as its codimension is higher. We now check that the limit current is
independent of the choice of ψ by a Lelong number calculation, i.e. by showing that cν = 0.
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For any x ∈ Zν0,reg \ (
⋃
ν 6=ν0
Zν ∪ pi(A′)), there exists a coordinate chart V such that x = 0,
V ⋐ X \ pi(A′), and Zν0 = {z1 = · · · = zk = 0} locally. Take a cut-off function θ supported in V
and define
T1,δ = α+ i∂∂ log(e
ϕ + δeψ1),
T2,δ = α+ i∂∂ log(e
ϕ + δeψ2).
It is enough to prove that
lim
δ→0
∫
X
(
pi∗T
k+r−1
1,δ − pi∗T k+r−12,δ
)
∧ θωn−k = 0
which will imply that ∫
X
(T1 − T2) ∧ θωn−k = 0.
By a direct calculation, we have that
T k+r−11,δ − T k+r−12,δ =
(
k+r−1∑
j=0
T j1,δ ∧ T r+k−1−j2,δ
)
∧ (T1,δ − T2,δ)
=
(
k+r−1∑
j=0
T j1,δ ∧ T r+k−1−j2,δ
)
∧ i∂∂ log
(
eϕ + δeψ1
eϕ + δeψ2
)
.
An integration by parts gives
∫
X
(
pi∗T
k+r−1
1,δ −pi∗T k+r−12,δ
)∧θωn−k = ∫
P(E)
i∂∂θ∧ωn−k∧
(
r+k−1∑
j=0
T j1,δ∧T r+k−1−j2,δ
)
log
(
eϕ + δeψ1
eϕ + δeψ2
)
.
Define
Fδ := log
(
eϕ + δeψ1
eϕ + δeψ2
)
,
which is a uniformly bounded function on V since V¯ is outside of the image of the singular locus
of ψ1, ψ2 under pi. Note also that the bound is independent of δ. Moreover, Fδ tends to 0 almost
everywhere as δ → 0. The convergence is locally uniform outside of the pole set A of ϕ.
Define Zη := {z ∈ V, d(z, pi(A)) ≤ η} with respect to the Ka¨hler metric ω. The volume of Zη
with respect to ω tends to 0 as η → 0 by the assumption that V ∩ pi(A) is a smooth submanifold
in V . Now we separate the estimate in different terms
∫
X
(
pi∗T
k+r−1
1,δ − pi∗T k+r−12,δ
)
∧ θωn−k =
∫
pi−1(Zη)
i∂∂θ ∧ ωn−k ∧
(
r+k−1∑
j=0
T j1,δ ∧ T r+k−1−j2,δ
)
Fδ
+
∫
pi−1(V \Zη)
i∂∂θ ∧ ωn−k ∧
(
r+k−1∑
j=0
T j1,δ ∧ T r+k−1−j2,δ
)
Fδ,
and we use the Fubini theorem to perform a double integration with respect to the base direction
V \ Zη (resp. Zη) and the fibration direction Pr−1, for V sufficiently small. The first term in the
integration is bounded by
Cωn−k+1 ∧
(
r+k−1∑
j=0
(T1,δ + ω˜)
j ∧ (T2,δ + ω˜)r+k−1−j
)
with C independent of δ since Fδ is uniformly bounded on V¯ and i∂∂θ is bounded by Cω for C
large enough.
The currents T1,δ and T2,δ are not smooth on Zη, thus some attention has to be paid to apply
the Fubini theorem. Let U(η) (resp. U ′(η)) be the open neighbourhoods of A (resp. A′) in P(E)
given by Proposition 4. Note that T1,δ and T2,δ are smooth near the boundary of U(η) ∪ U ′(η).
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Without loss of generality, we can assume that pi−1(Zη) is contained in U(η) \U ′(η). Take smooth
currents T˜i,δ on U(η) ∪ U ′(η) cohomologous to Ti,δ, which coincide with Ti,δ (i = 1, 2) near the
boundary of U(η) ∪ U ′(η). By Stokes’ theorem,
∫
U(η)∪U ′(η)
ωn−k+1 ∧
(
r+k−1∑
j=0
(T1,δ + ω˜)
j ∧ (T2,δ + ω˜)r+k−1−j
)
=
∫
U(η)∪U ′(η)
ωn−k+1 ∧
(
r+k−1∑
j=0
(T˜1,δ + ω˜)
j ∧ (T˜2,δ + ω˜)r+k−1−j
)
.
Therefore we can apply the Fubini theorem in the right hand side since all terms are smooth. The
integral on pi−1(Zη) is bounded from above by the integral of the same term on U(η) ∪ U ′(η) by
the inclusion relation pi−1(Zη) ⊂ U(η) ∪ U ′(η).
We first perform the integration along the fibres Pr−1. The integration of
∑r+k−1
j=0 (T˜1,δ+ ω˜)
j ∧
(T˜2,δ + ω˜)
r+k−1−j along the fibre direction is a cohomological constant since we assume that the
restriction of cohomology class of α along each fibres is a fixed cohomology class on Pr−1. Thus
the integral on U(η) ∪ U ′(η) is bounded from above by C ∫
U(η)∪U ′(η)
ωn, for some C independent
of δ. Observe that the constant is the same as the supremum of |Fδ| on V (independent of δ), since
for η small enough V ∩ U ′(η) = ∅.
The second term appearing in the integral is bounded by
sup
pi−1(X\Zη)
|Fδ| sup
X
|i∂∂θ|ωωn−k+1 ∧
(
r+k−1∑
j=0
(T1,δ + ω˜)
j ∧ (T2,δ + ω˜)r+k−1−j
)
.
On V \ Zη, the currents T1,δ and T2,δ are smooth, thus the Fubini theorem applies. We first
integrate along Pr−1. The integration of
∑r+k−1
j=0 ((T1,δ + ω˜)
j ∧ (T2,δ + ω˜)r+k−1−j) along the fibre
direction is a cohomological constant as above. Thus the second term obtained after integrating is
bounded from above by C suppi−1(X\Zη) |Fδ|, for some C independent of δ.
For every ε′ > 0, there exist η such that C
∫
U(η)∩U ′(η)
ωn < ε
′
2 . There also exists δ0 such that
C supX\Zη |Fδ| < ε
′
2 for every δ ≤ δ0. Thus the two parts of estimate (integration on U(η) ∪U ′(η)
and on pi−1(V \Zη)) are both bounded from above by ε′2 for δ ≤ δ0. This concludes the proof that
the limit current is independent the choice of ψ.
In the following we show that the weak limit is also independent of the subsequence δν if the
weight function ϕ has analytic singularities. It seems that the independence of the weak limit does
not hold in general if we only require that ϕ is smooth outside an analytic set of sufficient high
codimension. However some special cases can be easily checked.
Example 2. Assume that there exists some C2 ≥ C1 > 0 such that
C1δ
′
ν ≤ δν ≤ C2δ′ν
up to taking some subsequence but with the same limit currents. Then the function
log
(
eϕ + δνe
ψ
eϕ + δ′νe
ψ
)
is uniform bounded on P(E) (independently of ν). It is locally uniformly convergent to 0 on
pi−1(X \ Zη). The same arguments as above can be used to achieve the proof.
Another easy case is when the projection of the singular part of ϕ is of codimension at least
k + 1. In this case, different choices of subsequence δν will have the same closed positive limit
outside an analytic set of codimension at least k+1. By standard support theorems, they have to
coincide over X .
The case of potentials with analytic singularities comes from the following observation of De-
mailly.
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Proposition 5. Let ϕ be a quasi-psh function with analytic singularities over on a (connected)
complex n-dimensional manifold X, and u ∈ C∞(X). Then for any exponent p (1 ≤ p ≤ n), the
asymptotic limit of Monge-Ampe`re operator limδ→0(i∂∂ log(e
ϕ+ δeu))p is always well defined as a
current (but not necessarily positive, even when i∂∂ϕ ≥ 0, and the limit may depend on u).
Proof. By writing log(eϕ+ δeu) = log(eϕ−u+ δ)+u and using a binomial expansion, it is sufficient
to consider the case u = 0, after replacing ϕ with ϕ − u. Let us now consider the divisorial case,
i.e., assume that X = Cn and that ϕ is of the form ϕ = log |f |2+ψ for some holomorphic function
f =
∏m
i=1 z
mi
i ∈ O(X) and ψ ∈ C∞(X). We can define h = eψ a smooth Hermitian metric on
L := OX . We denote by ∇h the associated Chern connection.
Then, for every δ > 0, we have i∂∂ log(eϕ + δ) = i∂∂ log(|f |2h + δ) which converge to i∂∂ϕ as
δ → 0+. We will define the Monge-Ampe`re operator (i∂∂ϕ)p as the limit of (i∂∂ log(|f |2h + δ))p
as δ → 0+. For every δ > 0, we have
i∂∂ log(|f |2h + δ) = i∂
〈f,∇hf〉
|f |2h + δ
=
i〈∇hf,∇hf〉
|f |2h + δ
− i 〈∇hf, f〉|f |2h + δ
∧ 〈f,∇hf〉|f |2h + δ
+ i
〈f,∇0,1h ∇1,0h f〉
|f |2h + δ
=
δ
(|f |2h + δ)2
i〈∇hf,∇hf〉 − |f |
2
h
|f |2h + δ
iΘL,h.
Now, i〈∇hf,∇hf〉 is a (1, 1)-form of rank 1. In particular, its wedge powers of exponents > 1 are
equal to 0. If we raise to power p, the Newton binomial formula implies
( i
2pi
∂∂ log(|f |2h + δ)
)p
=
pδ
(|f |2h + δ)2
( |f |2h
|f |2h + δ
)p−1 i
2pi
〈∇hf,∇hf〉 ∧
(
− i
2pi
ΘL,h
)p−1
+
( |f |2h
|f |2h + δ
)p(
− i
2pi
ΘL,h
)p
.
The last term converges almost everywhere to (− i2piΘL,h)p, thus it converges weakly to the same
limit by the bounded convergence theorem as δ → 0+. We claim that
(∗) pδ |f |
2p−2
h
(|f |2h + δ)p+1
i
2pi
〈∇hf,∇hf〉 → [Zf ]
weakly, where [Zf ] is the current of integration on the zero divisor of f . Terms that depend on
h in ∇hf are equal to f∂ϕ, and they can be seen to yield zero limits, using the Cauchy-Schwarz
formula and the fact that
pδ |f |2p−2h
(|f |2h + δ)p+1
· |f |2h ≤ p
converges to zero almost everywhere. In fact the limit (if it exists) is a positive current as a limit
of positive currents. It will also be closed, since
∂
(
pδ |f |2p−2h
(|f |2h + δ)p+1
i
2pi
〈∇hf,∇hf〉
)
=
pδ |f |2p−2h
(|f |2h + δ)p+1
1
2pi
〈f,∇hf〉 ∧ΘL,h
and we can again apply a Cauchy-Schwarz argument to see that the right hand side converges to 0.
A priori the limit current (if it exists) should be supported on |Zf |. However, at any regular point
of Zf we can find local holomorphic coordinates in which f(z) = z
m
1 , where m is the multiplicity
of the irreducible component. An easy calculation yields
(∗∗)
∫
z1∈C
pδ |zm1 |2p−2
(|zm1 |2 + δ)p+1
idzm1 ∧ dzm1
2pi
= m.
Equality (∗∗) can be checked e.g. by putting w = zm1 , using polar coordinates w = reiθ and making
a change of variables t = r
2
r2+δ . More generally, if f(z) =
∏
zmii , we have to consider the integration
∫
{|zi|≤1}
pδ |∏mi=1 zmii |2p−2
(|∏mi=1 zmii |2 + δ)p+1
id(
∏m
i=1 z
mi
i ) ∧ d(
∏m
i=1 z
mi
i )
(2pi)n
∧ ωn−1eucl
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where ωeucl is the standard (1, 1)-form associated with the euclidean metric on C
n. It is bounded
by sums of integrals of the type∫
{0<|zi|≤1,2≤i≤n}
pδ ||∏mi=2 zmii |zm11 |2p−2
(||∏mi=2 zmii |zm11 |2 + δ)p+1
i|∏mi=2 zmii |d(zm11 ) ∧ |∏mi=2 zmii |dzm11
(2pi)n
∧ ωn−1eucl .
The integral is finite by the Fubini theorem and a calculation similar to (∗∗), putting e.g. w =
|∏mi=2 zmii |zm11 . In particular, up to taking a subsequence, the limit in formula (∗) exists as δ → 0+.
By the support theorem any limit current is associated to a divisor supported in |Zf |. To show
that the weak limit is unique, it is sufficient to check formula (∗) at a regular point of |Zf | and to
show that the coefficient is unique. This actually follows from equality (∗∗).
As a consequence of the above calculations, we find( i
2pi
∂∂ log(|f |2h + δ)
)p
→ (−1)p−1[Zf ] ∧
( i
2pi
ΘL,h
)p−1
+ (−1)p
( i
2pi
ΘL,h
)p
.
For the general case, we apply Hironaka’s theorem. There exists a certain modification σ :
X˜ → X of X such that σ∗ϕ is locally of the form considered in the previous case, where f has a
simple normal crossing divisor. Thus the limit
lim
δ→0+
(
i∂∂ log(eϕ + δ)
)p
= σ∗
(
lim
δ→0+
(
i∂∂ log(eσ
∗ϕ + δ)
)p)
exists by the weak continuity of the direct image operator σ∗. By the filtering property of modifica-
tions, one can also see that the above limit is independent of the choice of the modification σ.
It follows directly from the proposition that the limit current is independent of the subsequence
δν if the weight function ϕ has analytic singularities. The advantage of the construction made in
lemma 12 is that under the assumption that the weight function is smooth outside of an analytic
set of sufficient high codimension, one can show that the limit current is positive. This is shown
in theorem 2 below.
Example 3. We describe below a special case of the previous construction. Let E be a psef
vector bundle over a compact Ka¨hler manifold (X,ω). Let h∞ be an arbitrary metric on E. Since
OP(E)(1) is relatively ample with respect to the projection pi : P(E) → X , there exists C > 0 big
enough such that
iΘ(OP(E)(1), h∞) + Cpi∗ω > 0.
We take the above form as a smooth representative in the class c1(OP(E)(1)) + Cpi∗{ω}. By
definition of a psef vector bundle, there exists a singular metric hε) with analytic singularities on
OP(E)(1) such that
iΘ(OP(E)(1), hε) ≥ −εpi∗ω.
By the above construction, pi∗
(
i
2piΘ(OP(E)(1), hε) + Cpi∗ω
)r
is well defined for ε small enough
by taking that ψ = 0. In the construction, all currents are positive currents. In particular,
pi∗
(
i
2piΘ(OP(E)(1), hε) + Cpi∗ω
)r
is a closed positive current on X for ε small enough. On the
other hand,
pi∗
(
i
2pi
Θ(OP(E)(1), hε) + Cpi∗ω
)r
= pi∗
(
i
2pi
Θ(OP(E)(1), hε)
)r
+ rpi∗
(
Cpi∗ω ∧ ( i
2pi
Θ(OP(E)(1), hε))r−1
)
+ · · · .
In the · · · summation, there are terms of the form
pi∗
(
pi∗ωi ∧ ( i
2pi
Θ(OP(E)(1), hε))r−i
)
for i ≥ 2. By the projection formula, we have
pi∗
(
pi∗ωi ∧ ( i
2pi
Θ(OP(E)(1), hε))r−i
)
= pi∗
(
i
2pi
Θ(OP(E)(1), hε)
)r−i
∧ ωi.
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By a degree consideration, for i ≥ 2, the right hand side is 0 and for i = 1 it is equal to ω. In
conclusion,
pi∗
(
i
2pi
Θ(OP(E)(1), hε) + Cpi∗ω
)r
= pi∗
(
i
2pi
Θ(OP(E)(1), hε)
)r
+ Crω ≥ 0
in the sense of currents. In particular, pi∗
(
i
2piΘ(OP(E)(1), hε)
)r
is a quasi-positive current (i.e.
a current bounded below by a smooth form), belonging to the cohomology class c1(det(E)) by
lemma 11.
More generally, we have the following Segre current construction.
Theorem 2. (Main technical lemma) Let E be a vector bundle of rank r over a compact Ka¨hler
manifold (X,ω), and let T be a closed positive (1, 1)-current on P(E), belonging to the same
cohomology class as a smooth form α. Write
T = α+ i∂∂ϕ.
Assume that ϕ is smooth over P(E)\A, where pi : P(E)→ X is the projection and A is an analytic
set in P(E) such that A = pi−1(pi(A)) and pi(A) is of codimension at least k in X. Then there
exists a (k, k)-positive current in the class pi∗{α}r+k−1.
Proof. The desired current pi∗(T
r+k−1) has been constructed, and its uniqueness has been shown
in the previous lemma. It remains to show that pi∗(T
r+k−1) is positive. It is enough to prove this
near an arbitrary point x ∈ X , since positivity is a local property. There exists a smooth function
ψ on X such that
α+ i∂∂ψ ≥ 0
on an open neighbourhood U of x. Thus over U , for every δ > 0, we have
α+ i∂∂ log(eϕ + δeψ) ≥ 0
using (∗) in the previous lemma. Therefore, over U again, we see that
pi∗T
r+k−1 = lim
δ→0
pi∗(α+ i∂∂ log(e
ϕ + δeψ))r+k−1
is positive as a limit of positive currents. Let us note that the restriction of the cohomology class
{α} is constant on the fibres of pi – this property being automatically true for any smooth proper
morphism.
Remark 7. In fact, the above construction would work for any submersion pi : X → Y of relative
dimension r − 1 and any positive cohomology class {α} ∈ H1,1(X,R), when X,Y are compact
Ka¨hler manifolds. The construction works for currents with analytic singularities of an adequate
codimension, and in this way, one gets gives a closed positive current in the direct image of wedge
powers of {α}.
In the special case of Segre current, we get
Corollary 5. Let E be a psef vector bundle of rank r over a compact Ka¨hler manifold (X,ω). Let
(OP(E)(1), hε) be a singular metric with analytic singularities such that
iΘ(OP(E)(1), hε) ≥ −εpi∗ω
and the codimension of pi(Sing(hε)) is at least k in X. Then there exists a (k, k)-positive current in
the cohomology class pi∗(c1(OP(E)(1)) + εpi∗{ω})r+k−1. In particular, det(E) is a psef line bundle.
Proof. The first part is a direct consequence of theorem 2. The second part is consequence that
when k = 1,
pi∗(c1(OP(E)(1)) + εpi∗{ω})r = c1(det(E)) + εω.
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Remark 8. Let h be a smooth metric on OP(E)(1) (not necessarily coming from a Hermitian
metric on E). We can define an induced singular metric on det(E) in the following non canonical
way. Fix an arbitrary smooth Hermitian metric h∞ on P(E). Then there exists ψ ∈ C∞(P(E))
such that h = h∞e
−ψ. Therefore we have
i
2pi
Θ(OP(E)(1), h)−
i
2pi
Θ(OP(E)(1), h∞) =
i
2pi
∂∂ψ.
Define a metric on det(E) by det(h∞)e
−ϕ with
ϕ := pi∗

ψ r−1∑
j=0
( i
2pi
Θ(OP(E)(1), h)
)j
∧
( i
2pi
Θ(OP(E)(1), h∞)
)r−1−j .
We have that
i
2pi
∂∂ϕ = pi∗
(( i
2pi
Θ(OP(E)(1), h)
)r
−
( i
2pi
Θ(OP(E)(1), h∞)
)r)
.
In other words,
i
2pi
Θ(det(E), det(h∞)e
−ϕ) = pi∗
( i
2pi
Θ(OP(E)(1), h)
)r
.
If h comes from a Hermitian metric of E, we get precisely the same curvature formula as in
lemma 11.
Remark 9. The definition in the previous remark is non canonical in the sense that it depends
on the choice of the reference metric h∞. This can be seen as follows. In analogy with the
Monge-Ampe`re functional, we consider the functional
Mh∞ : C
∞(P(E))→ C∞(X)
ψ 7→ pi∗

ψ r−1∑
j=0
( i
2pi
Θ(OP(E)(1), h∞) + i
2pi
∂∂ψ
)j
∧
( i
2pi
Θ(OP(E)(1), h∞)
)r−1−j .
Let ψt be a smooth path in C
∞(P(E)). We compute the Fre´chet differential
dMh∞(ψt)
dt
= pi∗

ψ˙t r−1∑
j=0
( i
2pi
Θ(OP(E)(1), h∞) +
i
2pi
∂∂ψt
)j
∧
( i
2pi
Θ(OP(E)(1), h∞)
)r−1−j+
pi∗

ψt r−1∑
j=0
j
i
2pi
∂∂ψ˙t ∧
( i
2pi
Θ(OP(E)(1), h∞) + i
2pi
∂∂ψt
)j−1
∧
( i
2pi
Θ(OP(E)(1), h∞)
)r−1−j
which, by an integration by parts, is equal to
pi∗
(
ψ˙t
( i
2pi
Θ(OP(E)(1), h∞)
)r−1)
.
Now let h∞, h˜∞ be two smooth metrics on E and denote the induced metrics on OP(E)(1) by the
same notation. Let ψt be a smooth path connecting h∞ and h˜∞. For example we can take ψt such
that h∞e
−ψt = ht∞h˜
1−t
∞ . As a consequence of the calculation of Fre´chet differential, our functional
satisfies for any ϕ ∈ C∞(P(E)) the cocycle relation
Mh∞(ϕ+ ψ1) =Mh˜∞(ϕ) +Mh∞(ψ1).
Let us note that Mh∞(ϕ + ψ1) (resp. Mh˜∞(ϕ)) is the weight function of the induced metric on
det(E) with respect to the reference metric h∞ (resp. h˜∞), associated with the weight function
ϕ+ψ1 (resp. ϕ) on P(E). In particular, they correspond to metrics on det(E) that are induced by
the same metric on OP(E)(1), but with different reference metrics h˜∞ and h∞. Since i∂∂Mh∞(ϕ)
is independent of the choice of the reference metric h∞, we have i∂∂Mh∞(ψ1) ≡ 0, and this means
that Mh∞(ψ1) is a constant. Therefore the metric defined in the previous remark is uniquely
defined up to a constant.
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5 Pseudoeffective and numerically trivial bundles
In this section, we use the Lelong number estimate to show that a psef vector bundle with trivial
first Chern class is in fact numerically flat. In particular, this implies that a psef reflexive sheaf
with trivial first Chern class is in fact a numerically flat vector bundle. As an application of the
previous section, we get the following result.
Theorem 3. (Main theorem) Let E be a psef vector bundle on a compact Ka¨hler manifold (X,ω),
such that c1(E) = 0. Then E is a nef (and thus numerically flat ) vector bundle.
Proof. We show through Lelong number estimates and regularization, that the vector bundle E is
in fact nef. Let hε be a singular metric with analytic singularities on OP(E)(1), such that
iΘ(OP(E)(1), hε) ≥ −εpi∗ω.
Let us write hε = h∞e
−ϕε with respect to some smooth reference metric h∞ on OP(E)(1). Define
Tε := pi∗
( i
2pi
Θ(OP(E)(1), h∞) +
i
2pi
∂∂ϕε
)r
by means of Theorem 2. We have Tε ≥ −εω. More precisely, we are going to prove the Lelong
number estimate
ν(Tε, z) ≥
(
sup
w,pi(w)=z
ν(ϕε, w)
)r
.
The proof of this estimate is similar to the proof of theorem 10.2 of [Dem93]. For the convenience
of the reader, we briefly outline the proof here. Fix w0 ∈ pi−1(x) and γ = ν(ϕε, w0). The inequality
is trivial when γ = 0. Otherwise, for any ε′ < γ, let us define
ψ := (γ − ε′)θ(w) log |w − w0|
where w is the coordinate near w0 and θ is a cut off function near w0. By lemma 12, we have
Tε = lim
δ→0
pi∗
(
i
2pi
Θ(OP(E)(1), h∞) +
i
2pi
∂∂ log(eϕε + δeψ)
)r
in the sense of currents. For every r so small that {|z| ≤ r} is contained in a coordinate chart with
pi(w0) = 0, we have ∫
|z|≤r
Tε ∧
( i
2pi
∂∂ log |z|2
)n−1
≥
lim sup
δ→0
∫
|z|≤r
pi∗
(
i
2pi
Θ(OP(E)(1), h∞) + i
2pi
∂∂ log(eϕε + δeψ)
)r
∧
( i
2pi
∂∂ log |z|2
)n−1
by the semi continuity of Monge-Ampe`re operators with respect to decreasing sequences. By
construction, we have ϕε(w) ≤ γ log |w − w0| + C near w0, so i2pi∂∂ log(eϕε + δeψ) coincides with
i
2pi∂∂ψ on a small ball B(w0, rδ) ⊂ pi−1(B(0, r)). Thus we have∫
|z|≤r
pi∗
(
i
2pi
Θ(OP(E)(1), h∞) +
i
2pi
∂∂ log(eϕε + δeψ)
)r
∧ ( i
2pi
∂∂ log |z|2)n−1
≥
∫
|w−w0|≤rδ
(
i
2pi
Θ(OP(E)(1), h∞) + i
2pi
∂∂ log(eϕε + δeψ))r ∧ ( i
2pi
∂∂ log |z|2)n−1 ≥ (γ − ε′)r .
Taking r → 0 and ε′ → 0 gives the Lelong number estimate.
We have proven in Corollary 5 that Tε ≥ −εω, and Tε+εω is in the class c1(det(E))+ε{ω}. By
weak compactness, there exists a convergent subsequence Tεν with limit T in the class c1(det(E)).
Since T ≥ 0 and c1(det(E)) = 0, the only possibility is that T = 0.
Now, we recall the following version of the regularization theorem given in [Dem82]: let T =
θ+i∂∂ϕ be a closed (1, 1)-current, where θ is a smooth form. Suppose that a smooth (1, 1)-form γ is
given such that T ≥ γ. Then there exists a decreasing sequence of smooth functions ϕk converging
to ϕ such that, if we set Tk := θ + i∂∂ϕk, we have
31
(1) Tk → T weakly,
(2) Tk ≥ γ −Cλkω, where C > 0 is a constant depending on (X,ω) only, and λk is a decreasing
sequence of continuous functions such that λk(x)→ ν(T, x) for all x ∈ X.
By Corollary 6 below, we get
lim
ε→0
sup
X
ν(Tε, x) = 0,
thus
lim
ε→0
sup
P(E)
ν(ϕε, w) = 0
thanks to the above Lelong number estimate. By the regularization theorem just recalled, there
exists ϕ˜ε ∈ C∞(P(E)) such that
i
2pi
Θ(OP(E)(1), h∞) + i
2pi
∂∂ϕ˜ε ≥ −2εω˜
where ω˜ is some Ka¨hler form on P(E). In other words, the line bundle OP(E)(1) is nef.
Lemma 13. Let X be a compact complex manifold. Let Tδ (δ > 0) be a sequence of closed positive
(k, k)-currents. Assume that Tδ → 0 weakly as δ → 0. Then
lim
δ→0
sup
X
ν(Tδ, x) = 0.
Proof. Since X is compact, we can cover X by finite coordinate open charts Vi(⊂ Ui ⊂ U˜i) such
that Vi is relatively compact in Ui and Ui is relatively compact in U˜i. Thus we reduce the proof
to the case of coordinate chart Vi.
Let ρi be cut off functions supported in U˜i such that ρi ≡ 1 on Ui and 0 ≤ ρi ≤ 1. Since Tδ → 0
weakly, there exists a uniform C > 0 such that
∫
Ui
Tδ ∧
(
i
2pi
∂∂|z|2
)n−k
≤
∫
U˜i
Tδ ∧ ρi
(
i
2pi
∂∂|z|2
)n−k
≤ C.
Define for x ∈ Vi and for small r
ν(Tδ, x, r) := r
−2(n−k)
∫
|z−x|<r
Tδ ∧
(
i
2pi
∂∂|z|2
)n−k
.
Then ν(Tδ, x, r) is an increasing function with respect to r and we have that
ν(Tδ, x) = lim
r→0
ν(Tδ, x, r).
For small r > 0 such that 2r < d(Vi, ∂Ui), there exists a cut-off function θx supported in B(x, 2r)
such that θx ≡ 1 on B(x, r) and 0 ≤ θx ≤ 1. Then we have
ν(Tδ, x, r) ≤ r−2(n−k)
∫
Ui
Tδ ∧ θx
(
i
2pi
∂∂|z|2
)n−k
.
Since θx can be obtained by translation of the same function, (θx)x∈Vi for small r is a compact
family with respect to C∞ topology. Thus for fixed small r, for every x, y ∈ Vi,
r−2(n−k)
∫
Ui
Tδ ∧ (θx − θy)
(
i
2pi
∂∂|z|2
)n−1
≤ Cr−2(n−k) ‖ θx − θy ‖L∞(Ui) .
Thus r−2(n−k)
∫
Ui
Tδ ∧ θx
(
i
2pi∂∂|z|2
)n−k
tends to 0 as δ → 0 uniformly with respect to x ∈ Vi.
In particular, ν(Tδ, x, r) tends to 0 as δ → 0 uniformly with respect to x ∈ Vi, hence the same
for ν(Tδ, x).
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Remark 10. For a family of (1, 1)-closed positive currents, the proof is much simpler, using the
observation of Proposition 3.
Let γ be a Gauduchon metric over X (i.e. a smooth metric such that i∂∂(γn−1) = 0). With
the same notation as in the proof, we have for r0 small enough
ν(Tδ, x, r) ≥ ν(Tδ, x, r0) ≤ C
r2n−20
∫
X
Tδ ∧ γn−1.
Since the right-hand side term (which is cohomological) tends to 0 along with δ, the Lelong number
tends to zero locally uniformly. Since X is compact, the convergence is uniform.
Corollary 6. Let (X,ω) be a compact Ka¨hler manifold. Let Tδ (δ > 0) be a sequence of closed
(1, 1)-currents such that
Tδ ≥ −δω
in the sense of currents. Assume that Tδ → 0 weakly as δ → 0. Then
lim
δ→0
sup
X
ν(Tδ, x) = 0.
Proof. This is a direct consequence of the previous lemma if we consider Tδ+ δω instead of Tδ.
Now we can easily conclude our result.
Corollary 7. Let F be a psef reflexive sheaf over a compact Ka¨hler manifold (X,ω) with c1(F) = 0.
Then F is a nef (and numerically flat ) vector bundle.
Proof. By our assumption, there exists a modification such that the pull back of F is a psef vector
bundle with vanishing first Chern class. By theorem 3, this vector bundle is in fact nef. Thus by
lemma 6, we conclude the corollary.
As a geometric application, we give the following generalisation of Theorem 7.7 in [BDPP13].
Corollary 8. Let X be a (non necessarily projective) K3-surface or a Calabi-Yau 3-fold. Then the
tangent bundle TX is not psef. In other words, for a compact Ka¨hler surface or 3-fold if c1(X) = 0
and TX is psef, then a finite e´tale cover of X is a torus.
Proof. Assume X is a compact Ka¨hler surface such that c1(X) = 0 and TX is psef. Then by
Theorem 3, TX is in fact numerically flat. In particular, the second Chern class of X is 0. By
classification of compact surface with nef tangent bundle (Theorem 6.1 and 6.2) in [DPS94], a
finite e´tale cover of X must be a torus. Remind that the difference between the projective case
and the compact complex case is whether the torus is abelian or Kodaira surface or Hopf surface.
The later two surfaces are nevertheless non Ka¨hler.
Then proof of the dimension 3 case is similar. Instead of the Theorem 6.1 and 6.2, we use the
classification of compact 3-folds with nef tangent bundle (Theorem 7.1 and 7.2) in [DPS94].
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